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ABSTRACT
ELASTICITY AND GEOMETRY
IN CURVED-FILAMENT ASSEMBLIES
SEPTEMBER 2015
LUIS CAJAMARCA OSPINA
B.Sc., UNIVERSIDAD DE LOS ANDES, BOGOTA´, COLOMBIA
M.Sc., UNIVERSIDAD DE LOS ANDES, BOGOTA´, COLOMBIA
M.Sc., UNIVERSITY OF MASSACHUSETTS AMHERST
Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST
Directed by: Professor Gregory M. Grason
In this dissertation we explore the effect of shape, mechanics and geometry in assemblies
of tubular filaments by introducing the notion of cohesive contact.
We first study the optimal geometry of cohesive interactions in straight flexible tubes by
considering two interaction potentials. We find filaments adopt a locally skewed configura-
tion, associated with a twist angle. The interaction energy decreases with the twist angle
and ground states are found to be twisted. For pair-wise interactions, we find a generic be-
havior in the profile of the cohesive energy where the geometry of close-packed double helices
dictates the shape of the assembly. By considering the effect of bending energy we find a
critical angle where twisting would be favorable and provide a prediction for carbon nano-
vii
tubes. Conversely, in the presence of non pair-wise interactions, we observe metastability
for small twist deviations.
Next we explore the packing of curved filaments and their dependence on shape, range
of cohesive binding and number of filaments. We study two packing motifs, N−plies and
N−packs, where the latter is found to be generically favored as the stable ground state due
to its ability to follow a hexagonal arrangement and the larger number of neighbors it can
have.
Finally we study the self-assembly of a helical pairs focusing in the orientational depen-
dence of the interactions. We develop a geometric model that describes the energetics of
bundle formation, consisting of an optimal inter-filament spacing, a preferred parallel ori-
entation and a preference for a prescribed helical shape. We find the system to be highly
frustrated and present a phase diagram with three ground state configurations. We compute
threshold values of attraction needed to form bound states and conclude that binding is
determined by the shape of the filament. We propose a connection between the nature of
interactions and the local geometry of the assembly via coupling constants, which we believe
to be the strongest virtue of our model.
viii
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CHAPTER 1
INTRODUCTION
The study of rod-like molecules has been extensive in the scientific community across
many fields [1–6]. Examples such as liquid crystals [7] and biopolymers [8–11] are two
among many where long, slender filaments are ideal motifs representing a much more com-
plex geometry, but remain simple enough to allow for a coherent, reliable and tractable
physical description. The appeal of the cylindrical geometry lies in the fact that, more often
than not, it permits an analytic approach to model the phenomena while avoiding dealing
with particular details of the system, such as the exact shape and spatial distribution of
the components of the molecules or the dependence of the interactions on orientation and
proximity (which in principle may be very complicated).
Studies of self-assembly of filamentous molecules have led the development in material
sciences and recently an effort has been made trying to understand the bundling of bio-
polymers relevant in polymer science and biophysics, such as collagen [9], microtubules
(MTs) [12] and bacterial flagella [13], to mention a few. Similar efforts have been made
in modeling bundles of synthetic materials, such as carbon nano-tubes (CNTs) [14]. The
basic understanding of these systems must incorporate notions such as how shape, spacing,
flexibility and orientation influence bundling.
When straight filaments form bundles their packing is found to be hexagonal because it
maximizes the number of neighbors, achieves a uniform cross-sectional spacing and provides
mechanical stability to the assembly. If the filaments have a curved shape then the arrange-
ment may still be hexagonal but the spacing between the filaments is not uniform along
1
their arc length [15], which makes the packing problem more complex but that much more
interesting. It is natural to ponder what is the optimal assembly of interacting filaments of
a non-straight shape and what is the role shape and flexibility have in bundle formation.
In bundles of curved filaments is important to consider the presence defects, for example
dislocations and disclinations [16, 17], since they arise as a mechanism to help alleviate the
competition between limited spacing and the disruption in packing ordering produced by
filament shape. However throughout this study we will not consider such situations and we
will limit ourselves to the study of aggregates that are defect-free.
Currently a clear understanding of the general governing laws describing the mechanics
and geometry of elongated molecules in bundles remains an open question. Some advance-
ment has been made developing a theoretical framework [18] and experiments have been
able to show actual bundles and their configurations [19, 20] such as assemblies of f-actin.
Ikawa’s group immobilized f-actin in their native aqueous environment by using a polymer
photo-immobilization process [19]. Hosek and collaborators were able to form f-actin bundles
via depletion interactions (PEG) [20] .
In some cases it is possible to see individual filaments in the assemblies twist and bend
[21], further reinforcing the view that filament shape change1 plays a significant role in
aggregate formation. This notion may be intuitive to someone well-versed in elasticity theory,
as thin and very long filaments (large aspect ratios), can easily comply to bending (and/or
twisting) [22,23]. Examples of some of these slender filaments are listed in table 1.1 together
with relevant physical data. Fig. 1.1 shows pictures of some of these filaments. In some
cases there are no reported values in the literature, for example the cohesive binding for
nanoparticles (np) helices, which are denoted by a dash. This table presents relevant ranges
1We may also refer to this type of deformation as mechanical deformation throughout this dissertation.
2
for some physical properties for filaments, such as length (L), radius (r)2 and curvature
(κ0) where appropriate, but also provides energy scales associated with bundling, in this
case represented by the bending rigidity (B) and the cohesive energy per unit length ()
as representatives of two competing energy scales, elastic deformations and binding energy,
respectively. The ratio of these two quantities provides a length scale, χ ≡√B/, which is
a measure of the rigidity of a filament when compared to its compliance to binding.
Table 1.1. Examples of slender filaments. The thin solid line separates straight from curved
filaments. This table compiles relevant physical data of some slender filaments. Whenever
possible exact values are reported. L is the length of the filament, r is the radius of the
cylinder, B is the bending stiffness,  is the cohesive energy and κ0 is the preferred curvature.
χ ≡ √B/ is a gives a measure of how stiff the filament is relative to the cohesive energy.
Further information can be found in [24–43].
filament L a B (eV·nm)  (eV/nm) κ0 (nm−1) χ (nm)
CNTs µm - mm ∼A˚ 700 - 23000 4 0 13-76
MTs ∼ µm 12.5 nm 600 - 60000 6.4× 10−4 0 970 - 9700
f-actin ∼ nm 3.5 nm 60 2.3×10−4 0 511
collagen ∼ µm 2.0 nm 10−1 - 10−2 - 0 -
dsDNA 300 nm 1.5 nm 1.5 3.7× 10−4 0 64
flagella ∼ 15 µm ∼ µm 2.2× 104 - 1.3×10−3 -
np-helices 10-100 µm 10-100 µm 21× 107 - 1.6×10−1 -
C.pyramidata ∼mm 0.25 µm - - 6.2×10−5 -
2The radius r is that of the cylinder and not that associated with the curvature of the helical shape.
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Intuitively the degree of deformation is a balance which depends on how stiff the filaments
are and what is the marginal benefit of the ensemble as a whole when individual filaments
deviate from a prescribed (or preferred) shape, if at all possible. How to incorporate elastic
deformations as fundamental mechanism, which plays a pivotal role in optimal ground state
configurations in aggregation processes, remains a challenge but progress has been made for
certain systems [13, 15, 18, 44]. Along these lines, this dissertation aims to contribute to the
better understanding of the role of mechanical deformation on constituent filaments on their
assembly behavior.
The simulations of the equatorial lines performed here are
based on this continuum theory, whereas the atomistic
description of carbon nanotubes is taken into account for
the simulation of the full diffraction pattern.16
Straight bundles of double-walled carbon nanotubes
Real space evidence
The observed sample is constituted by a majority of double-
walled nanotubes isolated and organized into bundles. Focus-
ing our interest on these bundles, the packing of double-walled
nanotubes in a hexagonal arrangement is exemplified in Fig. 1.
As in the case of bundles of SWNTs, TEM observations of a
bundle of DWNTs are possible with the electron beam
perpendicular (Fig. 1(a)) or parallel (Fig. 1(b)) to its axis.
When the observations are made perpendicular to the bundle
axis, in the (10) direction (Fig. 1(a)), the image consists of a set
of fringes with two different spacings, the larger one is related
to the inner tube diameter and the smaller one to the interlayer
distance between the two walls, for a focus close to the Scherzer
focus. However, the observations of DWNT bundles generally
show a variable sequence of fringe spacings, corresponding to
different crystallographic orientations of the bundle with
respect to the electron beam. This observation is due to the
twisting of the bundles around their axes.
When observing a bundle parallel to the tube axis (Fig. 1(b)),
the ‘‘cross section’’ consists of a periodic array of two con-
centric dark circles having a white dot in their center. This
image directly displays the close-packed hexagonal arrange-
ment of the double-walled tubes. Indeed, each dark circle is
the image of the atomic layer of a tube seen edge on. From
this image, the number of double-walled tubes (39) and
the periodicity of their arrangement within the bundle are
immediately observed. However, the relation between the dark
circle dimensions and the diameters of the tubes is valid only
for a defocus close to the Scherzer focus.
We must note that these types of TEM images have to be
interpreted carefully, if the determination of the numerical
values (for example, the inner diameter of the double-walled
nanotube or the interlayer spacing), is to be deduced from these
images. Note that the easiest value to obtain from the ‘‘cross-
section’’ images is the lattice parameter. Indeed, we can
estimate this value by measuring the distance between the two
centers of two adjacent white dots. From Fig. 1(b) the lattice
parameter is evaluated as around 20 A˚.
In the sample, different types of bundles are observed. We
found bundles that are not well organized, due to the presence
of tubes with different numbers of walls and with different
diameters (Fig. 2(a)). Considering now the bundles with
only double-walled carbon nanotubes, as already exemplified
(Fig. 1(b)), the DWNTs can be coherently packed inside small
bundles, and exhibit uniform diameters that are generally
smaller compared with those found in the case of isolated
double-walled tubes. Sometimes we observe larger double-
walled tubes that are generally located on the external layers of
the bundles (Fig. 2(b)), as already reported in the case of
SWNT bundles.19 As for larger bundles, they are generally
constituted by the coalescence of smaller bundles, the TEM
observations showing extensive branching.
Reciprocal space evidence
On the same sample, we have realized SAED experiments on
the small DWNT bundles that are not the result of the
coalescence of other bundles. A typical ED pattern obtained on
a straight and small bundle at normal incidence is presented in
Fig. 3(a). The ED pattern for a bundle of nanotubes exhibits
two main features: (i) a line of spots crossing the 000 central
beam perpendicular to the bundle axis, so called equatorial
lines (EL); (ii) two diffuse circles having their centers on the 000
central beam, where the helicity can be deduced from the
diffracted spots.
In the presented case, the diffracted spots form two perfect
hexagons on the inner circle of diffraction and also, spots are
visible close to the north and south poles on the second circle.
This pattern suggests the presence of a single helicity with a
chiral angle estimated at 19.1u. The observation of a single
helicity for a small bundle of double-walled nanotubes is a
surprising result. This means that, in addition to being
identical, the DWNTs are comprised of inner and outer
tubes with the same helicity. The single helicity for a bundle
composed of DWNTs is due to the small size of the studied
Fig. 1 (a) TEM image of a bundle of DWNTs in the (10) direction
and (b) cross section of a bundle of DWNTs exhibiting a hexagonal
lattice arrangement.
Fig. 2 (a) Cross section of a bundle constituted by different types of
tubes and (b) cross section of a bundle constituted of double-walled
carbon nanotubes with larger tubes located on the external layers of the
bundle.
Fig. 3 (a) Experimental electron diffraction pattern of a DWNT
bundle at normal incidence exhibiting a single chiral angle of 19.1u.
(b) Magnification of the equatorial line.
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(a) CNTs bundles
relevant to several important unanswered questions about
F-actin assemblies.
There has been much discussion about the structure of
bundles that are formed by charged biopolymers at high
counterion concentrations. One of the intriguing possibil-
ities is whether the F-actin filaments could form helical
coil within a bundle [14]. Analogous structures have been
theoretically predicted [21,22], but never experimentally
verified. Using the current technique, we have found direct
evidence of the coil-on-coil (braided) bundle structure at
higher cation concentrations (>20 mM Mg2!). In
Figs. 3(a) and 3(b), we show two examples of the braided
bundles formed with short F-actin (average length "
680 nm controlled with gelsolin) and 80 mM Mg2!.
Under this condition, we observed coexistence of both
single filaments and bundles, which can be easily differ-
entiated in the magnified images by their apparent diame-
ter. Following the trace lines, it can be seen that the bundles
unravel at their ends into three or more single filaments.
The braided configuration of the bundle is especially ob-
vious in Fig. 3(b). The braided structure is found to exist in
a wide range of Mg2! concentrations (5 mM to 160 mM),
from the uncondensed phase to the bundled phase. In
comparison, such spiral structures were not readily dis-
cernible in the bundles that are formed by longer filaments
[Fig. 2(c)]. One could argue that the longer filaments are
more prone to kinetic hindrance to forming braided struc-
tures due to increased difficulty in rotational movements.
AFM images of F-actin at lower Mg2! concentrations
offered some clues as to how the helical bundles may be
formed. Figures 3(c) and 3(d) show several distinct F-actin
junctions (points where single filaments are joined or
crossed) observed at 5 mM Mg2! concentration. In
Fig. 3(c), three filaments form a knot structure of about
100 nm in length, and the knot unravels at both ends into
three single filaments with fairly large angular separation.
Also, entangled points formed by two filaments are ob-
served in Fig. 3(d). In the same image, two other types of
joints could be seen: an X overlap in which the two
filaments simply cross each other and a T junction where
the end of one filament is seemingly attached to another
filament at a near 90 # angle. All these junctions can be
considered as precursor sites of the more extensive helical
bundle structure shown in Figs. 3(a) and 3(b) at higher
Mg2! concentrations.
The braided bundle structure may have been present in
previous images of F-actin bundles obtained using electron
microscopy, AFM, and confocal optical microscopy, but
was not recognized as such. For example, high resolution
cryo-AFM images of F-actin filaments clearly showed the
existence of braided bundles [14]. Synchrotron x-ray dif-
fraction data showed that the close packing pattern of the
bundle deviates from an exact hexagonal arrangement
(q10 " 0:089 !A$1 and q11 " 0:139 !A$1, respectively),
which may be partially attributed to the braided arrange-
ment of some F-actin filaments inside the bundle [4,5]. The
observed axial repeat distance of the braided bundles is
around 100 nm (Fig. 3(b) and 3(c)), comparable to the
pitch of a single F-actin twisted structure. This strongly
suggests that the F-actin filament follows the topology of
the twist of F-actin filaments in order to achieve tighter
packing.
It is important to note that the existence of braided F-
actin bundles does not necessarily contradict the earlier
conclusion of hexagonal packing of filaments inside the
bundles. Because of the limited statistical sampling of
AFM imaging and the large F-actin length distribution, it
is likely that the actual samples contain both structures,
 
FIG. 4 (color). AFM images of intermediate phases of short F-
actin (average length 170 nm) Mg2!. (a) A phase consists of
nematiclike rafts with 20 mM Mg2!. In part, the rafts are
stacked. (b) A phase consists of both perpendicular aggregates
(arrow) and nematiclike rafts with 10 mM Mg2!.
 
FIG. 3 (color). Braided structures of short F-actin (average
length 680 nm) bundles and precursor junctions. (a, b) Braided
bundles at high concentration of Mg2! (80 mM). The bundle in
image (a) consists of three filaments, and the bundle in (b) con-
sists possibly of more than three filaments. (c, d) Junction-type
precursor structures formed in the uncondensed phase of F-actin
with 5 mM Mg2!. All the images are 0–10 nm in height.
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(c) F-actin b ndles
layers. In the polished C. pyramidata cross-section, the fibre
orientations in region P exhibit an oblique angle with respect to
the surface by B20! (a), whereas the fibre orientations in a
helicoidal structure are always parallel to the surface21–23. In fact,
a is directly related to the pitch, l, and diameter, R, of the helix by
tan a ¼ l2pR (Fig. 2d). With the experimentally measured value of
the helix pitch (B26mm, as described below in detail), the angle a
is estimated to be B15–22!, consistent with the experimental
observations.
We further measured the total thickness (dtotal) and number
of periods (n) along an entire transverse cross-section of
the shell (total number of measurements: 204, Fig. 2g). Interest-
ingly, the shell maintains the helix pitch (l) within a relatively
narrow range (Avg±s.d., 25.5±3.6 mm), while the total
shell thickness varies significantly from B20 to B200 mm
(41.3±26.4 mm). This indicates that the shell’s thickness varies
by adjusting the number of periods instead of changing the pitch.
Moreover, it is also noted that the shell increases its local
thickness at regions with relatively large curvatures (such as
the ridges), where stress concentrations are likely generated on
loading.
Additional structural characteristics of the helical fibrous
building blocks were revealed by transmission electron micro-
scopy (TEM) imaging of the cross-sectional samples prepared
using focused ion beam milling (FIB, Fig. 3). Similar to the cross-
sectional scanning electron microscopic (SEM) images, alternat-
ing regions with fibres transversely and parallel cut (T and P
regions, respectively) were observed (Fig. 3a,b). The intersecting
angle of the fibres in region P with respect to the shell surface is
again B20!, consistent with the helical structure model.
Interestingly, in region T, we observed that the mosaic assembly
of the building blocks results from the interlocking of tiles with
cross-sectional geometries, such as , and (Fig. 3b–g),
similar to the structures observed in the shell of the pteropod
Cavolinia uncinata20. Despite its apparently almost random
organization, several key characteristics emerge on close
examination. First, the interface boundaries among building
blocks are generally parallel or perpendicular to the surface
normal (N). This feature is directly correlated to its
crystallographic texture, as discussed in the following section.
Second, the geometries of these cross-sections are anisotropic.
The width of the upper regions (positive N) of the fibres, near the
outer shell surface, isB250 nm (measured along the A direction)
and reduces to ca. 100 nm towards the lower portion, resulting in
, and shapes (Supplementary Fig. 2). Third, the portions
towards the outer shell surface within each cross-section have a
high abundance of particle-shaped inclusions with lower
average electron density as compared with the surrounding
crystalline matrix (Fig. 3e). These inclusions are believed to be
intracrystalline organic material24–26, which will be discussed in
detail below. The high concentration of these inclusions in the
upper regions of the fibres near the shell outer surface can be also
observed from TEM image taken in region P (Fig. 3h, yellow
arrows).
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Figure 2 | Helical assembly of fibrous building blocks. (a) Oblique-, (b) bottom- and (c) cross-sectional-viewed SEM images of fractured surfaces from
the C. pyramidata shell, showing the helical assembly with curved fibrous building blocks. In a and c, the corresponding structures are shown alongside the
proposed 3D models. (d) A 3D mod l that represents the hypothesized helical assembly schem of curved fibrous building blocks. Note that the curved
fibres are not necessarily comple helices through the thickness. Characteristic dimensions of this helical assembly include R, radius of helix; l, pitch of
helix; a, inclination angle with respect to the horizontal plane. (e) A 3D rendering of the helical assembly with a vertically cut cross-section. Two
representative helices are highlighted in purple and the one on the right is partially cut by the cross-sectional plane. P and T are regions where the fibrous
building blocks are parallel and transversely cut, respectively. (f) SEM image of a polished cross-section. dtotal, the total thickness of the shell. (g) Mapping
dimensional parameters (dtotal, l and n) along the entire shell cross-section (total number of measurements: 204). n, number of periods. From top to
bottom, cross-sectional SEM image, dtotal, l and n. The histograms on the right show the statistical distribution of each parameter. N, normal; A, apical;
C, circumferential.
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(e) c.pyramidata
M.-Y. Liu et al. / In vitro regulation of single collagen fibril length 417
(A) (B)
(C) (D)
(E) (F)
Fig. 2. Dark-fi ld light microscopy of collagen single fibrils formed in PBS buffer at (A) 37◦C for 18 hours, (B) 33◦C for 24
hours and (C) 29◦C for 24 hours and in sodium phosphate buffer at (D) 37◦C for 18 hours, (E) 33◦C for 24 hours and (F) 29◦C
for 24 hours. Scale bar = 5 µm.
(b) Collagen
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 where s∫  is the perimeter of the cross-sectional boundary 
and X ( )1P sX dscp ∫  is th  center f perimeter (Figure  2 a) 
of th  ribb n sectio . Hence, wh n X Xcp ca≠ , bending of the 
ribbon back one s ch that  n is in the dire ti n of the offset 
between the centers of perimeter a d area, X Xcp ca∆ =X , 
minimizes surface area at the ribbon boundary. This sponta-
neous bending, combined with t e non-overlap of suffi ciently 
long ribbons, guides h lical shape fo mati n. Since the length 
is much greater than the width, the ibbons twist to form a helix 
with uniform preferred curvature, instead of “scrolling up” into 
an overlapping coiled state where only the fi rst turn can adopt 
the optimal radius and the thickness requires curvature to vary 
along the ribbon. [ 11 ] 
 The surface tension decrease balances with the elastic cost 
of bending described by continuum elasticity theory of a thin 
object, [ 25 ] n I n/ ·· / 22U Ebend , where E is the modulus and 
 I is the moment of inertia tensor (second moment of area). 
For a given surface tension  γ , the ribbon minimizes energy 
by bending according to X( / ) 1κ n0 0 ∆IE . Applying this 
result to ribbons with a mirror symmetry along the y-axis 
(i.e., 0I Ixy yx =  and 0x∆ =X ), we fi nd that the asymmetric 
decrease in surface tension leads to bending of the ribbon 
along the axis of symmetry with a preferred curvature:
 
.0
P X
EI
y
yy
κ
γ
=
∆
 
(2)
 
 This relation predicts that the preferred bending depends on 
details of the cross-sectional area and perimeter distributions 
measured by their fi rst moments. For asymmetric ribbons with 
a thickness to width aspect ratio / 1t , we may estimate 
the dimensions of preferred curvature based on the geometric 
approximations: 2P w , X ty∆ ≈  and 3I wtyy . Hence, for 
suffi ciently low aspect ratio (t / w ) ribbons we expect the pre-
ferred helix radius (i.e., radius of curvature) to be given by:
( / )0
1R κ β~ t (3)
 where we defi ne /Eβ γ  as the elastocapillary length.
Conventional elastocapillary deformation of symmetric, 
slender structures has been shown to require a liquid/vapor 
meniscus. The resulting capillary forces mechanically bend 
the structures to form bundles, such as helical assemblies of 
polymer nanobristles[ 3 ] or bundles of wet hair. [ 1 ] In contrast, 
for the case of asymmetric ribbons fully submersed in a liquid 
(no liquid/vapor interface) presented in our experiments, the 
asymmetric change in surface area upon bending, as opposed 
to surface capillarity, drives the formation of independent 
helices when the thickness is on a similar order to the elas-
tocapillary length. For the approximately triangular cross-
section obtained by fl ow coating (Figure  2 b), R Et= ( )t − −2
12
1
γ + w
. 
Notably, for equilateral cross-sections ( / 3 / 2t ), preferred 
curvature vanishes, consistent with a geometric requirement 
that surface forces induce coiling only for asymmetric cross-
sections. Additionally, as / , 00t κ →  (i.e., unfavorable
elastic penalty for bending) and as / 0, 0t κ  diverges (Sup-
porting Information and Figure S1). While the surface energy 
generates no explicit preference for twist, the preferred cur-
vature along the long axis of the ribbon leads to an instability 
in long ribbons to constant curvature helical confi rmations 
with spontaneously selected handedness. [ 26 ] At long times, 
the dynamically stable helical structure evolves to a close-
packed geometry (Figure S3a), where pitch is determined by 
self-contact.
 Figure 1.  a) Fluorescence micrograph of CdSe QD helical ribbon with  t ≈ 55 nm and  R ≈ 5 µm. Inset: TEM image showing a high fraction (≈70wt%) 
of 8 nm diameter QDs, scale bar: 100 nm. b) Optical micrograph of gold NP ribbon with  t ≈ 60 nm and  R ≈ 9 µm and c) fl uorescence micrograph of 
PMMA (fl uorescently labeled) ribbon with  t ≈ 145 nm and  R ≈ 56 µm. d) Schematic representation of a helical ribbon illustrating typical dimensions 
(nm thickness and µm width) and the non-rectangular cross-sectional geometry achieved with fl ow coating. 
Adv. Mater. 2013, 25, 6703–6708
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diameter distribution of silica microspheres was centered at
460! 30 nm with a variation coefficient of 4.3%. Micro-
spheres were laser-trapped and manipulated to exert the
deformation onto the attached microtubule. Figure 1(b) is a
close-up of the geometry of experiment. Angle ! was kept as
small as possible to ensure free movement of the laser-
trapped microsphere and at the same time, to justify the
validity of lx ¼ l# cos ! ’ l, where l and lx are the
microtubule length and its x-projection, respectively.
Observation under a microscope allows the measurement
of lx.
The laser trapping force was determined by measuring the
release velocity of a microsphere laser-trapped and dragged
in a buffer solution. The detailed procedures were reported
previously.14)
2.2 Preparation of samples
The reagents of guanosine-5’-triphosphate (GTP), di-
methyl sulfoxide (DMSO), paclitaxel (also known as taxol),
poly-L-lysine, and MgSO4 were purchased from Wako.
Ethylene glycol-bis-(b-aminoethylether)-N,N,N’,N’-tetraace-
tic acid (EGTA) and piperazine-1,4-bis(2-ethanesulfonic
acid) (PIPES), and phosphate-buffered saline (PBS) solution
were from Dojindo.
Microtubules were prepared by polymerizing purified
porcine brain tubulin (2mg/ml) in assembly buffer (1.8mM
EGTA, 90mM PIPES, 0.9mM MgSO4, 1.0mM GTP, pH
6.8) in the presence of 2.7mM GTP and 8%(v/v) DMSO at
37$C. After 30min of incubation, polymerization was
terminated and the microtubules w re stabilized by diluting
the sample 100-fold into an assembly buffer containing
10"M paclitaxel. The final concentration of the tubulin in
the form of microtubules was, however, unknown.
The diameter of the microtubul s was measur d by atomic
force microscopy [Fig. 2(a)] and the typical height of a
microtubule on an atomically flat sapphire [Fig. 2(b)] was
found to be about 25! 5 nm. This is in agreement with the
known value of 24 nm.5) Figures 2(c) and 3 show the dark-
field images of microspheres and microtubules at different
concentrations, respectively.
For the laser manipulation of microtubules, silica micro-
spheres were attached to the microtubules. For this purpose,
we coated the silica microspheres with poly-L-lysine by the
following procedure. Silica microspheres were suspended in
poly-L-lysine PBS solution (1.0mg/ml) and incubated under
sonication for 15–30min. Following centrifugation at
’ 1:8# 104g, where g is the gravitational constant, the
precipitated spheres were suspended in PBS solution. This
washing procedure was repeated three times to remove
excess poly-L-lysine. Then, the microspheres were stored in
a PBS solution until use.
By adding such surface-modified silica microspheres to
the tubulin solution before the polymerization processes,
only a few microspheres were found to adhere to the
microtubule after polymerization. Therefore, adhesion by
laser trapping was carried out under a microscope. A
microtubule with one end naturally attached to the substrate
was selected (in fact, not only the end but a small portion of
the microtubule was attached to the substrate as is shown in
Fig. 1, such that the direction of the microtubule was fixed).
Then a free microsphere was laser-trapped and directed to
the fr e end of the microtubule. By upward movement of the
stage, the microtubule was squeezed between the micro-
sphere and substrate for a few seconds. Approximately 10%
of such trials resulted in binding of the microsphere to the
microtubule. Through these processes, a microtubule with
one end attached to the substrate and the other end to a
microsphere was obtained, and used for the experiments.
3. Calculus. Flexural Rigidity
The flexural rigidity i defined as a product E # I
(Nm2),15) whe E is th Young’s modulus and I is the
geometrical mo ent of inert a of the cross-section. Flexural
rigidity was calculated by measuring the deformation of a
microtubule subject d to a external force or by measuring
the critical f rce of a certain deformation. Three modes of
deformation were employed denoted as bending, compres-
sion, a d ‘‘ lastica’’ (named after the shape of deformation
cited from ref. 15), which are schematically shown in
Figs. 4(a)–4(c), resp ctiv ly.
In the case of the bendin deformation of a microtubule
[Fig. 4(a)], the free end, which was chemically attached to
the silica microsphere, was trapped by laser tweezers and
deflected in a direction perpendicular to its axis (parallel to
the substrate surface). The other end of the microtubule was
i mobilized at the substrate. Thus the flexural rigidity is
given by:16)
E # I ¼ Fl
3
3d
; ð3:1Þ
where F is the force, l is the length of the microtubule, and d
is the deflection length at the free end of the microtubule.
(a) (c)(b)0.5 m
Hei ht: (0    1.5) nmHeight: (0    23) nm
0.2 m
5 m
Fig. 2. (a) AFM image of a microtubule on a superflat sapphire substrate.
(b) AFM image of (0001) plane of superflat sapphire (mono-atomic steps
are distinguishable). The entire height span of AFM images is given
beneath the images (it corresponds to the gray scale map). (c) Dark-field
image of silica microspheres 460 nm in diameter.
(a) (b)
Fig. 3. Dark-field images of microtubules. (a) as-prepared, and (b) 100
times diluted in buffer solution. Scale bars, 10"m.
3016 Jpn. J. Appl. Phys. Vol. 41 (2002) Pt. 1, No. 5A T. TAKASONE et al.
(c) MTs
(c) MTs(d) MTs (f) np-h lice
Figure 1.1. Examples of slender filaments. (a) CNTs, picture taken from [45]; (b) Collagen,
picture taken from [29]; (c) f-actin, picture taken from [19]; (d) MTs, picture taken from [25];
(e) c.pyramidata, picture taken from [43]; (f) np-helices, picture taken from [42].
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The complex self-assembly process results as the competition between cohesively attrac-
tive interactions, which are typically long to intermediate range and the need to accommo-
date an optimal packing in the available volume, with the caveat that now shape changes
are possible. It is possible to get a sense of this competition via a dimensionless number,
χ/λ, where λ is a measure of the relevant length scale associated with the shape of the
filament. If χ/λ 1 the filaments are thought of as rigid and bundle formation would incur
high energy penalties for shape deformation. Conversely, in the limit χ/λ 1 bundles may
readily comply with shape changes in order to form bundles. It is important to note that
λ−1 ∼ θ2, where θ is the local skewed orientation of the filaments. In the context of this
dissertation this quantity is referred as the helical angle and will be properly introduced in
chapter 2. For the filaments in table 1.1 we assume λ−1 = r−1θ2 for straight filaments, and
for intrinsically curved filaments λ = κ−10 θ
−2. The corresponding values of χ/λ are ∼ 102
for CNTs, 101 − 102 for MTs, 146 for f-actin and 43 for dsDNA. For all these filaments the
local skew is a small quantity, θ ≤ 1, which makes the ratio χ/λ 1 and categorizes these
filaments as flexible in the context of this study.
The mechanics responsible for the self-assembly of filamentous bundles is somewhat un-
derstood in certain systems however there is no consensus as of today regarding the general
laws governing the mechanics of aggregation. In order to understand the role of shape and
flexibility in aggregates of filaments is necessary to consider in detail the geometry inside
the bulk of a bundle, which ultimately is a manifestation of how the different energy con-
tributions compete with one another to achieve stable ground states, satisfying multiple
constraints at the same time. Of particular interest is the complex, non-linear behavior
of contact between neighbors present in these crowed environments. For the remainder of
this section we are to understand contact as the process where two filaments (or molecules)
have their surfaces touching under the assumption that they are experiencing an attractive
potential, for instance of the Lennard-Jones type. The notion of contact will take a broader
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sense in subsequent chapters. We colloquially refer to this situation as ‘physical contact’
although self-assembly can take place even when the molecules are not in physical contact.
We rely on two examples to explain the nature of contact in arrangements of curved
filaments. We hope to convince the reader that our findings are general enough in some
sense, for instance they do not depend on the details of the interaction potentials one may
consider but rather on their nature, whether they are attractive or repulsive, nor they depend
on the composition or materials of the filaments considered.
(a) Filaments with uniform shape
and variable spacing
(b) Filaments with uniform spacing
and variable shape 
Figure 1.2. Frustration in curved filaments. (a) Curved filaments of uniform shape. In this
case all filaments have the same circular shape. Notice the non-uniform spacing between the
filaments. (b) Curved filaments of varying shape. In this case the curvature of each filament
decreases from right to left. Notice the uniform spacing between the filaments.
The first example assumes intrinsically curved filaments which can be easily bent, and
considers two possible scenarios. In the first one we deform all the filaments in the same way
producing a uniform shape for all of them, in this case a circular arc as shown in Fig. 1.2(a).
From the figure it is clear that the spacing in between the filaments is not uniform along
the arc length. In the second situation we deform all filaments in such a way as to make the
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spacing between them uniform, in contrast to the previous case. The result is a non-uniform
deformation, depicted in Fig. 1.2(b) where all filaments are concentric circular arcs of varying
radii. Because the filaments are curved, in general, it is impossible to pack arbitrary shapes
maintaining uniform spacing between layers. This is a consequence of the geometry of curved
filaments and is a process known as “curvature focussing” in the context of smectics [46].
If a stacking (or packing) of curved filaments is to have equal spacing as it grows from the
bulk, then it must compromise shape deformations of the individual filaments of the aggre-
gate. This characteristic does not have a counterpart in the packing of straight molecules,
where the hexagonal arrangement clearly produces a uniform spacing between neighbors3.
As our second example we consider the packing of two straight but flexible filaments,
which can be deformed into helices, first proposed by Neukirch et al. [47], providing the
geometry and mechanics of an n−ply, and later developed by Olsen et al. [48, 49], studying
close-packed helical structures. The problem consists of packing double helices, assumed to
be two flexible tubes with hard walls. Packing in this context is defined by the constraint
of the two tubes being in physical contact. Geometrically, the double helix is given by two
filaments of radius a, with centerlines as helices given by simple parametric equations. A
helix is a curve specified by two parameters, a constant curvature, κ, and a constant torsion,
τ . It can also be described in terms of the helix radius R, the radius of the cylinder hosting
the helical lines, and the helical pitch P , the repetition length along the axis of the helix.
It is easy to relate the well known helical angle θ, with the parameters of the helix, mainly,
tan θ = 2piR/P . The double helix is considered packed when the shortest distance between
the centerline of one helical tube to the next one equals the diameter 2a of the tubes [49],
3Note that we have not made any especial assumptions of the type of materials or interactions between
the filaments.
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i.e. the double helix is packed when the tubes are in contact4. Thus, the packing depends
only on the shape of the double helix, which is given by the helical angle θ.
(a) !=0 (b) !=π/4 (c) !=7π/18
Figure 1.3. Nearest contact in close-packed double helix. Top: Close-packed double helix
for different helical angle θ. The helices are always in contact and the red arrows indicates
the point of closest contact between the helices. Bottom: cross section of the filaments
perpendicular to the z−axis. As the filaments bend and twist they open up a hole in
between them. (a) θ = 0. The closest contact lies in a plane perpendicular to the helical
axis. The cross section corresponds to circles. (b) θ = pi/4. The closest contact is still
perpendicular to the helical axis but now the cross section corresponds to elongated ellipses.
(c) The closest contact is now two-fold, with closest contact distributed above and below the
plane perpendicular to the helical axis, as depicted by the arrow. The cross section shows
the hole the helices open up to avoid self-intersections.
By construction, the tubes will always be in contact. When the tubes are parallel, θ = 0,
it is trivial to note that the closest distance between the centerlines equals the diameter of
the helices and the closest point of contact between the helices lies in a plane perpendicular
4Olsen et al. defines a packing fraction and the interested reader can find the details in [49].
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to the helical axis, in this case the z−axis, but this is not always the case. At any given
cross section perpendicular to the helical axis, there is only one point of contact between the
helices and it lies along the line joining the centerlines of the helices. This contact is at a
distance a from either centerline, represented by the red arrow in Fig. 1.3(a). As the helical
angle increases this contact remains in place until a critical angle, θc = pi/4, is reached,
at which point the helices begin to open up a hole in between them in order to avoid self-
penetrations, as shown in Fig. 1.3(b). As the helical angle increases two new contacts emerge
at the expense of the loss of the previous contact, shown in Fig. 1.3(c). As the helices push
away from each other, θ ≥ pi/4, there is an abrupt change in the location of the contact
points: the two new contact points emerge at distant locations with respect to the initial
contact point, above and below the plane perpendicular to the helical axis. Due to this
sudden ‘jump’ in the contact geometry at the critical angle we associate this behavior to be
discontinuous. A more in-depth analysis of the geometry of close-packed helices is presented
in chapter 2.2.
Based on these two examples, which show the complex behavior of spacing and contact
in self-assemblies of flexible slender rods, we are motivated to investigate what governs the
geometry of contact in aggregates of filamentous molecules. We consider three research
projects where the geometry prescribed by contact between filaments plays a key role in
understanding the physical phenomena. Chapter 2 presents our first project, which inquires
about the geometry of cohesive binding in flexible filaments. We introduce a geometric
model which describes the optimal contact geometry of cohesive interactions between a pair
of intrinsically straight, flexible filaments [50]. We consider two types of potentials relevant
to biological and synthetic systems. Our motivation is to understand, 1) how the nature
of the cohesive interaction determines the optimal geometry of interfilament contact, and,
2) how that optimal geometry influences the mechanical deformation of straight interacting
pairs.
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Given the current deficiency in the literature of theoretical models that describe the self-
assembly of intrinsically curved filaments, we propose a numerical study in chapter 3 of a
second model, which focuses on the packing of clusters of cohesive helices. Our motivation
here is to understand how curved filament shapes influence assembly. We begin by intro-
ducing our model, consisting of identical, rigid, helices packed in two different ways: a n-ply
stacking, which consists of vertically stacked helices; and a n-pack stacking, which consists
of a side-to-side stacking of helices. We aim to understand which packing maximizes contact
between filaments and what is its dependence on the shape of the clusters. As we vary
the number of filaments and the strength of interaction within clusters, we hope to gain
insight about how packing geometry and optimal contact contribute to the filament cluster
bundling. We extend our analysis by considering certain elastic deformations, or modes, in
the bundles and study how the different packings improve binding in order to adopt a more
optimal packing state.
The third model, developed in chapter 4, considers the self-assembly of intrinsically
curved helical filament pairs but now focuses on the orientational dependence of the in-
teractions. We propose a model based on linear elasticity that accounts for the binding of
a pair of helical filaments and consists of three different contributions, based on local ge-
ometry, that fully account for the energetic cost of bundle formation: optimal inter-filament
spacing, preferred orientation and preferred shape. A model based on colloidal binding of
bacterial flagella, allows us to investigate whether orientational-dependent interactions can
trigger transitions that are relevant and/or observable in the context of bundle formation.
In an attempt to discern how geometry of helical filaments influences aggregation, we in-
vestigate how polymorphism, changes in shape and therefore geometry, affects binding and
aggregration.
Finally, we present a summary of the main conclusions of this dissertation and provide
some perspectives for future research.
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CHAPTER 2
GEOMETRY OF FLEXIBLE FILAMENT COHESION
2.1 Introduction
Assemblies of filamentous molecules driven by cohesive interactions continue to draw
intense interest not only for the broad relevance to biology and nanostructured materials, but
also due to the rich interplay between interactions and mechanics they exhibit. Commonly
studied biological examples include condensation of DNA [51–54], filamentous actin [19,
20, 31, 55–57], filamentous viruses [58] and protein fibrils [59, 60], while synthetic examples
include gelators [61], supramolecular fibers [62] as well as carbon nanotube ropes [35,63,64].
As the emergent properties of assembly motifs like protein filament bundles and nanotube
ropes depend not only on intrinsic properties of single filaments, but also, on the properties of
inter-filament forces, developing a theoretical understanding of cohesion between filamentary
objects has been a long standing goal. This chapter takes on the task of understanding
what is the optimal geometry that governs cohesive interactions in filament pairs that are
intrinsically straight. In particular we consider filaments that easily comply with shape
changes, in the form of bending and twisting, in order to increase cohesive binding, and pay
especial attention to how the geometry and mechanics of contact in such arrangement varies
with shape changes and whether the resulting geometry is interaction-dependent.
Even in the simplest models of interacting filaments, the extreme length to radius aspect
ratio, L/a  1, implies a strong dependence of inter-filament forces on orientation, in par-
ticular, on the inter-filament skew angle, θ (see Fig. 2.1). For example, van der Waals attrac-
tions between perfectly rigid and skewed cylinders has been studied theoretically [3, 65–67],
11
showing that for a given separation, cohesive energy decreases with skew angle as ∼ 1/ sin θ.
This intuitive result simply derives from the fact that parallel configurations maximize the
effective length of “contact” between straight filaments, and even small rotations of rigid
filaments move distant regions out of cohesive contact Fig. 2.1(a).
While the skew-dependence of pair-wise filament interactions has been well-studied the-
oretically in the limit of perfect rigidity, the purpose of the present study is to revisit the
angle-dependence of cohesion for the case of flexible filaments, which we show exhibits a
critically different behavior. The extreme aspect ratio of filaments, generically implies that
in their optimal geometry, skewed pairs of cohesively interacting filaments are unlikely to
remain straight and instead are typically deformed by cohesive interactions [68]. Specifically,
we consider a class of structures where filaments maintain cohesive contact along their con-
tour length: the double helical configuration (Fig. 2.1(b)). Note that for a fixed non-zero
skew, long filament pairs gain cohesive energy in proportion to L, while the mechanical cost
for filament bending generically vanishes rapidly with radius (e.g. as ∼ a4 for the isotropic
elastic beams). These dimensional arguments alone imply that the double-helical pair config-
uration is a more relevant geometry than “crossed cylinders” for describing minimal-energy
states of cohesive pairs of sufficiently long and slender filaments.
Motivated by these simple observations, we study two theoretical models of cohesive inter-
action between featureless, tubular filaments in order to address three basic and unanswered
questions. First, what is the angle dependence of cohesive interactions between double-
helically wound filament pairs? What determines the optimal skew geometry of cohesive
contact? Finally, how do cohesive interactions between bound pairs of flexible filaments
affect the stability of the parallel configuration? In the first model, we study the cohe-
sive interactions mediated by a pair-wise attraction between surface elements of opposing
filaments, whose distance-dependence is modeled by a Lennard-Jones (LJ) potential, char-
acterized by an attractive well at separation σ. This potential provides a simple, albeit
12
approximate, means of modeling long-range van der Waals forces between tubular filaments,
and more importantly for present purposes, its analytical simplicity allows us to character-
ize the full skew-dependence of inter-filament cohesion and classify its behavior purely in
terms of the ratio of range of interactions to the filament radius, σ/a. The second model
considers the cohesion between osmotically-condensed filaments (depletion driven) stabilized
by screened electrostatic repulsion between the charged filament surfaces, a potential rele-
vant to numerous experimental studies of biofilaments condensed in crowded suspensions of
macromolecular depletants [20,31,56]. Previous approaches to the skew-dependent cohesion
of flexible filaments have relied on heuristic and purely geometric descriptions of interactions,
such as the assumption that the strength of inter-filament cohesion can be traced directly
to the length of certain lines of “contact” between twisted filaments [68]. In contrast, the
present study relies only on direct evaluation of microscopic models of interaction between
twisted filament surfaces, allowing us to directly assess the range of validity of any such
heuristic model of interfilament cohesion.
Based on our analysis, we find that despite the clear distinctions in microscopic mecha-
nisms of surface cohesion and the pair-wise additivity of surface interactions considered, both
models exhibit a generic preference of interactions for twist: cohesive energy in the filament
pair is maximized at non-zero skew angle. It is important to distinguish this result for pre-
ferred spontaneous twist of achiral filament pairs, from the well-studied intrinsic preference
for twist in models of helically-patterned, or chiral, filaments [7, 44, 69–71]. For the case of
purely pair-wise and attractive interactions among surface elements of featureless filaments
(such as the LJ model), we show further that cohesive interactions generically destabilize
parallel filaments to at least a small degree of inter-filament skew, whose value derives from
a balance between the cohesive inter-filament torque and the mechanical forces of filament
bending. We argue that certain features of the skew-dependence of interactions derive from
universal features of the contact geometry of twisted tubular filaments. Specifically, inde-
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Figure 2.1. Model for rigid and flexible filaments. (a) Rigid, skewed filaments, with non-
optimal length of contact. (b) Model of twisted flexible tubes. The radius of the tubes is a
a d the center-to-center separation between centerlines is 2∆. The vertical height decreases
with non-zero skew (twist) via ` = L cos θ. The local skew angle between the filaments is 2θ.
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pendent of the mechanism of the interaction, we show that in the limit of very short-range
surface interactions, the optimal cohesive geometry is the one that maximizes the length of
lines of contact between the surfaces of close-packing helical tubes, a well-defined and purely
geometric state.
The remainder of this chapter is organized as follows: an introduction to the geome-
try of twisted filament pairs and an overview of the contact geometry of twisted tubes is
given in Sec.2.2. In the following two sections we introduce and analyze the two mod-
els for the molecular interactions between filaments. In Sec.2.3 we study the LJ cohesive
potential first focusing on the dependence of optimal skew angle on the ratio of range of
the interaction to filament radius. We then focus on the stability of parallel filaments to
non-zero skew, based on the LJ model of filament attraction as well as the mechanical
cost for filament deformation. A parallel analysis is carried out in Sec.2.4 for the model of
osmotically-condensed/electrostatically-stabilized (OCES) filament pairs, where we investi-
gate how skew-dependent interactions depend on the ranges and relative strengths of the
respective electrostatic and depletion forces between filaments. In Sec.2.5 we discuss both
the universal and interaction-specific features of the skew-dependence of filament interactions
revealed by our study, as well as the implications for specific filamentous systems. Finally, we
provide details on the calculation of depletion-attraction between twisted tubular filaments
in Appendix 2.7.
2.2 Geometry and contact of helical filament pairs
In this section we introduce the geometry of twisted tubes used to describe interactions
between featureless filaments, the surfaces of which are both homogeneous and isotropic in
cross section. Specifically, we consider filaments of radius a and length L  a, and review
geometric properties of interfilament contact in “close packed” helical tubes.
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Figure 2.2. Contact geometry in close-packed helices. (a) Non-linear behavior of pitch,
P/a, and spacing, ∆/a, for close-packed double helices. (b) Top (cross-sectional) and front
view of double-helix packing for three different helical angles: I. θ = 0, II. θ = pi/4 and III.
θ = 7pi/18. The red lines correspond to the lines of contact. Notice the opening in between
the filaments for the cross section in III, where θ > θc. Both the height and the cross sections
are drawn to scale.
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We treat filaments as “flexible tubes” possessing a circular cross section perpendicular to
the central curve, or tube axis, at each point along its length, which is sometimes referred
as the “tube” picture of molecular filaments [72]. The curves describing a twisted pair
of filaments are helices, which we denote as r+(z) and r−(z) where ± simply labels each
filament and z is the vertical height along the pitch axis. Denoting the center-to-center
spacing between the axes as 2∆ and the pitch as P = 2pi/Ω1 these curves are simply
r±(z) = ±∆
[
cos(Ωz)xˆ+ sin(Ωz)yˆ
]
+ z zˆ. (2.1)
The pitch and radii of the tube axes define the helical angle, θ, through
tan θ = Ω∆, (2.2)
where according to this definition, the local skew angle between the filament pair is 2θ.
Finally, we describe the points on the surface of the tubular filaments in terms of the Frenet
frame {T±,N±,B±}, the tangent, normal and binormal to each curve [73],
T± =
Ω zˆ × r±(z) + zˆ√
1 + (Ω∆)2
; N± = ∓
[
cos(Ωz)xˆ+ sin(Ωz)yˆ
]
, (2.3)
and B± = T± ×N±. Surface elements of each filament are labeled by the coordinate pair
(z±, φ±), where the latter coordinate labels the angular location with respect to the tube
center, whose position is described by the function R±(z±, φ±),
R±(z±, φ±) = r±(z±) + a
(
cosφ± N± + sinφ± B±
)
. (2.4)
1Ω is usually referred to as the rate of twist.
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Below, we consider models of cohesion deriving, in part, from the summation of interactions
among surface elements on opposing filaments. Given the parameterization of eq. (2.4), area
elements are related to surface coordinates via a metric dA± =
√
g±dz±dφ± where
√
g± = |∂z±R± × ∂φ±R±| = a sec θ
[
1− (a/∆) sin2 θ cosφ±
]
. (2.5)
Notably, the factor of sec θ relates a length element along the pitch axis dz to the arc length
of the tube axis. The fixed contour length of filaments implies that the height of the pair
along the pitch axis,
∫
dz± = `, must contract for non-zero twist according to ` = L cos θ
(see Fig. 2.1(b)).
Before proceeding to analyze cohesive interactions for helical filament pairs, we first re-
view some geometric aspects of inter-filament contact for close-packed helical tubes. The
geometric constraints of tube packing provide a clear illustration of the non-local nature of
contact in multi-filament structures. Moreover, we show below that the close-packing geom-
etry of twisted tube pairs encodes certain generic features of the cohesive energy landscape
for attractive filaments.
Considerations of non-overlap between filaments in “n-ply” geometries have been studied
in detail, first by Neukirch and van der Heijden [47] and more recently by Bohr and Olsen [48].
Close-packed configurations of double-helical filaments (or “2-plies”), refer to configurations
where the distance of closest approach between the axes of opposing tubes is identically
equal to the diameter 2a, a condition which constrains the relationship between ∆, P and
a. Defining the distance between the + and − tubes offset by a vertical distance z as
δ(z) ≡ |r+(z0 + z)− r−(z0)| from eq. (2.1) we have
δ2(z) = 2∆2
[
1 + cos(Ωz)
]
+ z2. (2.6)
Lines of contact between the tubes are defined as solutions to
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∂zδ
2(z)|z=z∗ = 2z∗ − 2Ω∆2 sin(Ωz∗) = 0, (2.7)
which requires that points separated by z∗ are locally the distance of closest approach between
the tube axes. For a given Ω and ∆, there are, in general, multiple roots to the transcendental
equation of eq. (2.7), and non-overlap between the filament pair requires that δ(z∗) ≥ 2a for
all solutions, while close-packing requires that at least one solution saturates the inequality
(i.e. the pair can be brought no closer without overlap).
Straightforward analysis of eq. (2.7) shows that for small twist |Ω∆| ≤ 1, or θ ≤ pi/4,
there is only a solution for z∗ = 0 (i.e. contact occurs at the same vertical position). Hence,
for θ ≤ θc = pi/4 close-packing is described by ∆ = a and Ω = a−1 tan θ. Above a critical
helical angle, θc = pi/4, a bifurcation occurs and the solution to eq. (2.7) splits into two lines
of contact, occurring out of the plane (i.e. z∗ 6= 0). For tan θ & 1, it is straightforward
to show Ωz∗ ' ±2
√
2
√
θ − θc. Further, above the critical angle z = 0 becomes a local
maximum, implying that ∆ > a. For the asymptotic case at large helical angles |Ω∆|  1,
it is straightforward to show that contact is described by the conditions Ωz∗ ' ±pi, P ' 4a
and ∆ = 4a tan θ.
The evolution of close-packed geometry of double helical tubes with increased twist is
shown in Fig. 2.2. For small twist (θ ≤ pi/4) there is a single line of contact between tubes
which threads along the helical axis (x = y = 0) 2. For large twist (θ ≥ pi/4) a given
tube makes contact with the opposing tube at two points, in the helical turns above and
below a given point. At the critical angle θc = pi/4, these two distinct contact geometries
merge, indicating a unique and broadly distributed neighborhood of “near-contact” between
2This definition of contact line, which measures the length of curves of inter-surface contact in the
deformed and twisted goemetries (the vertical line threaded through the center of the double helix) differs
from the notion of contact in ref. [68], which consider the length of curve contacting points when the twisted
filaments are unbent into straight configurations. Notably, the line of contact in in the twisted configuration
decreases with twist, while “unwrapped” line of contact increases with twist.
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Figure 2.3. Lennard-Jones model for cohesive interactions. Normalized LJ interaction
energy as a function of dimensionless separation ∆/a for θ = 0. The sticky tubes limit
corresponds to σ/a = 0.01 whereas the sticky threads to σ/a = 10.
opposing tubes, δ2(z)− (2a)2 ' z4a−2/12. Crudely, we may think that this critical geometry
possesses simultaneously three lines of contact, both the central line of contact occurring
for small twist as well as the two helical lines describing out-of-plane contact at large twist.
In the analysis of interaction energy between tubular filaments, we show that the existence
of a critical point in the contact geometry of close-packed flexible tubes at θC = pi/4 has
important and universal consequences for the twist-dependence of cohesive energy.
2.3 Case I: van der Waals attraction
In this section we analyze the θ-dependence of the double-helical filament pairs interacting
via a pair-wise attraction between surface elements on opposing filaments. Here, we consider
pair-wise attractions between tubular surface elements modeled by LJ-type potential, whose
long range −r−6 term models non-retarded van der Waals forces,
uLJ(r) = 
[(σ
r
)12
− 2
(σ
r
)6]
, (2.8)
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where σ and  denote the radial location and depth, respectively, of the attractive potential
minimum. For a given helical angle and filament spacing, ∆, we compute the total interaction
energy from the double surface integration of the pair-wise interactions,
ULJ(θ,∆) =
∫
dA+
∫
dA− uLJ
(|R+ −R−|). (2.9)
In this study we focus on interactions between filaments much longer than the interaction
range (L σ). Hence, for a given fixed position, R+, we approximate the integral over the
height coordinate of the − filament by taking the upper and lower limits to z− → ±∞. In
this case, the interaction energy of elements on the + filament with the surface of the − are
independent of height z+. Therefore, we arrive at the interaction energy per unit filament
length,
ULJ(θ,∆)/L = cos θ
∫ 2pi
0
√
g+dφ+
∫ 2pi
0
√
g−dφ−
∫ ∞
−∞
dz− uLJ
(|R+ −R−|). (2.10)
As our focus is on the skew-dependence of interactions, for a given angle θ, we minimize
interaction energy over spacing, defining ULJ(θ) ≡ min∆[ULJ(θ,∆)]. Integrals and energy
minimization are performed numerically.
The LJ potential is characterized by a single energy scale entering , which has units
of energy/(length)4. Therefore, up to rescaling by , variations in inter-filament potentials
are characterized a single parameter, σ/a, the ratio of surface interaction range to filament
radius. Considering briefly the parallel filament (θ = 0) behavior, we highlight two limiting
cases characterized by this ratio. In the limit of σ/a→ 0 the inter-filament forces approach
“sticky tubes”, whose interactions are negligible until surface elements of opposing filaments
are in physical contact. Hence, equilibrium spacing approaches ∆0 → a+0.4σ for θ = 0, and
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expanding |R+ −R−| around φ+ = φ− = 0 in eq. (2.10) (i.e. the Derjaguin approximation)
we can show for cohesive tubes
lim
σ/a→0
U0/L ' −4.48a1/2σ5/2 (2.11)
where U0 ≡ ULJ(θ = 0) is the parallel tube interaction. In the opposite limit, σ/a→∞, the
range of filament interactions is characterized by σ only, and we denote this as the “sticky
threads” limit. For sticky threads, the distance dependence of the parallel configuration
follows a “5-11” potential [16,30,74]
lim
a/σ→0
ULJ(θ = 0,∆)/L = 4pi
2a2
[
γ12
σ12
∆11
− 2γ6 σ
6
∆5
]
, (2.12)
where γn ≡ 2−(n−1)
∫∞
−∞ du/(1 + u
2)n/2. In the thread limit, equilibrium spacing occurs at
∆0 ' 0.474σ and with a binding energy
lim
a/σ→0
U0/L ' −66.57a2σ. (2.13)
The schematic behavior of U0 for both limiting cases is shown in Fig. 2.3.
2.3.1 Skew dependence of interactions and optimal angle
A plot of the normalized energy per unit length, U(θ)/U0, is shown in Fig. 2.4 as a function
of the helical angle θ for interaction ranges spanning from “sticky tube” (σ/a = 0.06) to
“sticky thread” (σ/a = 104) limits.
The angle dependence of interactions exhibits three common features for all ranges of
interaction. First, the parallel configuration θ = 0 is an unstable local maximum of the
cohesion energy, demonstrating that even infinitesimal skewing of parallel filaments enhances
cohesive contact for the LJ surface interactions. Second, the cohesion energy is optimal (most
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attractive) for a non-zero angle θm, in the range pi/4 ≤ θm ≤ 1.01 (45◦ ≤ θm ≤ 58◦). Finally,
all interaction energies approach a second local maximum of U → 2U0 as θ → pi/2.
Underlying this common behavior, are common features of inter-filament contact in the
double-helical geometry. The local maximum at θ = 0 can be attributed to pair-wise attrac-
tion at long range between points on opposing filaments. For parallel filaments at equilibrium
spacing, all pairs are more distant than the closest separation ∆− 2a and sit within an at-
tractive (negative) range of the potential. Relative to this parallel state, double helical twist
reduces the distance between points at a given vertical separation by reducing their distance
in the xy plane. For sufficiently small twist, this generically implies an increased number
of points brought into the strongly attractive range of the pair-potential and a increased
cohesive interaction, growing in proportion to ∼ θ2.
In Fig. 2.5 we plot the equilibrium in-plane spacing of filaments ∆m as a function of θ for a
range of σ/a. For all interaction ranges, the optimal spacing is minimal for parallel filaments
and ultimately diverges as θ → pi/2, suggesting the pair opens a central void as the filament
orientation tilts down into the xy plane at large twist angles. The transition from ∆m ≈ ∆0
at small angles θ ≈ 0 to the divergent in-plane spacing at large angles, ∆m ∼ 1/ tan θ,
is a signature of the abrupt change of inter-filament contact discussed in Sec. 2.2. While
contact between nearly parallel filaments occurs in the xy plane, for large angles the distance
of closest approach occurs with two points on the neighbor filament above and below a
point on the reference filament. Hence, as the helical radius adjusts to ∆m ∼ 1/ tan θ, the
interactions select the helical pitch so that as θ → pi/2 the vertical spacing between “stacked
rings” approaches the optimal spacing of straight and parallel filaments, ∆0. From these
observations, it is straightforward to see that generic doubling of cohesion energy occurring
in the large twist angle limit (limθ→pi/2 U → 2U0) derives directly from doubling of the
number contact lines between opposing filaments in this “stacked rings” configuration as
well as the filament straightening that occurs in asymptotic limit as ∆m →∞.
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Figure 2.4. Optimized cohesive energy as a function of twist angle θ. Dimensionless energy
U/|U0| as a function of helical angle θ, optimized with respect to ∆, for a range of values of
σ/a.
In Fig. 2.6 we plot the minimal-energy twist angle, θm, as function of σ/a. Notably, the
optimal skew angle in the “sticky tube” limit (σ/a 1) approaches the critical angle of close-
packed twisted tubes, i.e. limσ/a→0 θm → θc = pi/2 3. In the limit of vanishing interaction
range, filaments only benefit from attractive interactions when opposing surfaces are in near-
contact, and hence, we expect that the θ-dependence of close-packed tubes also describes
the optimal double-helical geometry of “sticky tubes”. Intuitively, we can understand the
coincidence between the optimal cohesion geometry of sticky tubes and the critical-angle for
close-packing in terms of the tendency to maximize the number of lines of contact between
opposing filaments. At the critical angle, close-packed tubes transition from (at small angle)
a single line of contact which threads along the pitch axis of the double helix to a configuration
where a given filament is in contact with the opposing filament along two lines that connect
3Accuracy limitations of numerical integration of inter-filament potential limit the strict determination
of the θm to ln(σ/a) . −4.5
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Figure 2.5. Normalized equilibrium in-plane spacing ∆m/∆0 as a function of θ for σ/a =
104, 3, 1 and 0.06. Inset: The same plot for the full range of θ. At this scale all values of σ/a
appear to be the same curve.
consecutive and preceding helical turns (see Fig. 2.2(b)). Crudely, one may envision the
transition of contact geometry at θc as the merger of three lines of contact, implying that the
critical angle for close-packing is also the optimal angle for cohesion between sticky tubes.
Notably, this oversimplified view of the critical angle as a state of three contact lines is
roughly consistent with observed depth of the minimal energy configuration relative to the
parallel state for our LJ model, i.e. for the shortest interaction range reported σ/a = 0.06
we find U(θm) ' 3.4U0.
In the limit σ/a 1,we find that the optimal angle approaches a value θm ' 1.01 (θm '
58◦). This angle characterizes the distinct geometry of optimally cohesive “threads” whose
much broader range of attraction between length elements allows attractive interactions to
persist beyond the distance of closest approach between threads, and consequently, favors
skew geometries which exceed the close-packing critical angle (pi/4). Hence, we can attribute
the increase in θm with σ/a to follow from the increase in the ratio of the distance of range of
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Figure 2.6. Optimal cohesion angle plotted in terms of ratio of ranges of surface interaction
to filament radius, showing asymptotic approaches to θm ' 1.01 and θm = pi/4 in the
respective “sticky thread” and “sticky tube” limits.
pair-wise attractions between segments (proportional to σ) as compared to the equilibrium
inter-filament spacing (roughly ∆0 ≈ a+ σ/2).
2.3.2 Bending and cohesive instability of parallel filaments
The skew-dependence of cohesive interactions for LJ surface interactions shown in Fig. 2.4
demonstrates that attractive interactions are locally maximal, and hence unstable, in the
parallel configuration. Focusing on the small-angle behavior, we find generically a decrease
in energy, proportional to θ2. We characterize the (in)stability of the parallel state in terms
of the curvature, or second derivative, of the energy with respect to θ,
U(θ) = U0 +
U2
2
θ2 +O
(
θ4
)
, (2.14)
26
where for the present case of LJ surface interactions, d2U(θ)/dθ2|θ=0 = U2 < 0. The ratio
U2/U0 characterizes the curvature of the interaction potential relative to the overall strength
of attraction between filaments and we plot the dependence of U2/U0 on σ/a in Fig. 2.7.
Consistent with the “flattening” of U(θ) in the “sticky tube” limit (σ/a  1) we find that
the ratio U2/U0 decreases to zero as σ/a→ 0, exhibiting a linear power dependence on σ/a
in this limit. We find the curvature grows in the “thread” regime where U2/U0 becomes
independent of σ/a, asymptotically approaching U2 = 2U0 as σ/a → ∞. Combining this
with the scaling-dependence of U0 on σ and a [eqs. (2.11) and (2.13)] in the asymptotic
regimes of tube- and thread-like filament interactions we find
|U2|/L ∼ a2σ ×

(σ/a)5/2, σ/a 1
1, σ/a 1
(2.15)
highlighting the ratio of interaction range to radius as a key parameter dictating the cohesive
drive for twist. We note in passing that the heuristic model of cohesion based on geometric
contact between twisted tubes in ref. [68] corresponds to the case U2 ∝ −U0. Based on the
results of Fig. 2.7, we find, somewhat counterintuitively, that this heuristic assumption is
consistent only with the thread limit (σ  a), while the tube limit (σ  a) shows a dramatic
departure from this assumption, with the ratio of U2 and U0 strongly dependent on the ratio
σ/a.
The LJ model of surface-mediated pairwise cohesion of filaments implies a generic insta-
bility of parallel filaments to a double-helically twisted state. We now consider the balance
between cohesive LJ interactions and the mechanical costs of filament bending which deter-
mine the equilibrium skew angle of a filament pair. The bending energy (per filament) is
simply Bκ2L/2, where B is the bending stiffness of the filament and κ = ∆−1 tan θ sin θ is
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Figure 2.7. Normalized curvature on angle-dependent potential ln(U2/U0) plotted in terms
of ratio of interaction range to filament radius. The slope of the dashed line implies U2/U0 ∼
σ/a in the limiting regime of “sticky tube” interactions.
the curvature of the helical backbones. Hence, the total mechanical cost of filament bending
for small twist has the form,
Emech/L = Bθ
4/∆2 +O
(
θ6
)
. (2.16)
Hence, the geometric dependence of curvature on twist, κ ∼ θ2, implies that bending rigidity
does not stabilize parallel filaments, and some cohesive interactions generically give rise to
some degree of inter-filament skew. Considering the limit of rigid filaments, where we expect
the degree of inter-filament skew to be small, we find the equilibrium twist, θeq of filament
pair,
θeq ' ∆
2
√
|U2|/LB. (2.17)
Because bending generates differential compression and extension throughout the cross sec-
tion of the filament, bending stiffness is generically strongly dependent on filament radius.
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Here, we consider a simple model of an isotropic, elastic beam for which B = piEa4/4, where
E is the material modulus of the filament [22]. Combining the radius dependence of stiffness
with the curvature of the cohesive potential, we find the asymptotic scaling of the equilib-
rium inter-filament skew on diameter and interaction range in the respective tube and thread
regimes,
θeq ∼
√
σ/E ×

(σ/a)5/4, σ/a 1
σ/a, σ/a 1
(2.18)
This analysis shows that although any filament pair well-modeled by van der Waals attraction
between surfaces is unstable to some measure of interfilament twist, enhanced stiffness or
small cohesive torques with large diameter filaments will lead to a marked reduction in θeq
compared to smaller diameter filaments.
2.4 Case II: Osmotic attraction and electrostatic repulsion
In this section, we consider the θ-dependence of filament cohesion driven by two compet-
ing effects: an osmotically-driven attraction stabilized by an electrostatic repulsion (OCES).
Our focus on this potential is motivated by the large body in vitro experimental study of
biofilament (e.g. DNA, cytoskeletal filaments, filamentous viruses) condensation in solutions
of inert polymers, which demonstrate that the respective repulsive and attractive interactions
are independently controlled by ionic and osmotic solution properties. In our model these
competing effects are modeled within the context of the Debye-Hu¨ckel theory of screened
electrostatic repulsion and the Asakura-Oosawa model of depletion. We briefly introduce
each component of the OCES potential and proceed to examine the behavior of interacting
helical filament pairs.
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Net attractive interactions between charged, semi-flexible macroions mediated by neu-
tral “depletants” has been studied extensively in the context of osmotically-driven bundling
biological filaments, such as DNA, f-actin or microtubules [20, 31, 56]. Newly developed
experimental methods that combined high-resolution microscopy by single-molecule force
spectroscopy [75] are directly and quantitatively probing these interactions at a pairwise
level. These methods, along with the independent experimental control over repulsive and
attractive forces via respective ionic and osmotic solution conditions, make this an ideal class
of interactions for the study of inter-filament cohesion.
We model electrostatic interactions between (hollow) tubular filaments possessing a uni-
formly charged surfaces, of areal charge density ρ, in an aqueous medium at finite con-
centration of monovalent salts. We model screened electrostatic repulsion between charged
surface elements of the Debye-Hu¨ckel [76] form. As in Sec. 2.3, we find the total pair-wise
electrostatic interaction between opposing filaments given by
UDH(θ,∆) =
∫
dA+
∫
dA− uDH
(|R+ −R−|). (2.19)
where
uDH(r) = Γe
−κr/r, (2.20)
with κ = λ−1 the inverse screening length and Γ = ρ2`BkBT , with `B = e2/(kBT ) the
Bjerrum length (where we neglect dielectric contrast between filaments and solution).
We assume filaments to be immersed in a solution of lower-molecular weight depletants
of concentration c whose exclusion from the occupied volume of the much larger filaments
induces an osmotic driving force for inter-filament contact, e.g. the depletion effect. These
entropic attractions are modeled by the Asakura-Oosawa [77] theory, where the entropy of
hard sphere depletants of radius Rh is determined by the volume Vex of the region excluded to
the depletant centers by the filaments. This volume is enclosed within a surface, pictorially a
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Figure 2.8. OCES potential and schematic of the cohesive interaction halo. (a) Schematic of
the interaction energy per unit length for the OCES potential as a function of dimensionless
separation ∆/a for straight filaments (θ = 0) with λ/a = 0.5, Rh/a = 0.75 and γ = 1.0.
Notice the long range repulsion part of the potential. (b) Schematic of the halo around
the surface of the the filaments for the same Rh/a, highlighting the overlap volume in dark
purple.
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“halo” around the curved filaments [78,79], that sits a distance Rh from the tubular surface of
the filaments. For separated and non-compact configurations filaments, V 0ex = 2Lpi(a+Rh)
2
(neglecting effects from the end). When the filaments are sufficiently close, the exclusion
regions overlap leading to a decrease in Vex by ∆V = V
0
ex − Vex. The entropic free energy
gain due to the chance in accessible volume to the depletants ∆V is simply −Π∆V , where
Π is the osmotic pressure exerted by the depletant molecules which for sufficiently low
concentrations follow the van’t Hoff’s law Π = ckBT . Given the double helical geometry
of skewed filaments, we compute this overlap volume ∆V = `∆A in terms of the length of
vertical contact ` = L cos θ and the overlap area ∆A of excluded areas within planar cross
sections perpendicular to the pitch axis (see Fig. 2.13 in Appendix 2.7). Given the form of
∆A(θ) the depletion interaction per unit filament length is given by
UD(θ)/L = −Π cos θ∆A(θ). (2.21)
Details regarding the calculation of overlap area on skew-angle, a+Rh and ∆ are described
in the Appendix 2.7.
Two key properties distinguish the nature of depletion forces from either of the other two
surface interactions considered in this study (LJ-type and screened electrostatic). Firstly,
depletion interactions are strictly finite range since ∆V = 0 when the filament surfaces are
more distant than 2Rh, whereas the magnitudes of screened-electrostatic and van der Waals
forces decay respectively exponentially or algebraically at large separation. The second, and
more critical, distinction is the non-pairwise additive nature of depletion forces: the overlap
in excluded volume ∆V cannot be decomposed into a super-position of overlaps per pair of
surface elements on opposing filaments. We show below that the non-pairwise additive nature
of depletions gives rise to a qualitatively distinct skew dependence of filament interactions,
particularly at small twist.
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An example case of the combined OCES potential U(θ) = UDH(θ) + UD(θ) is shown in.
Fig. 2.8 for parallel filaments (θ = 0) for a case where Rh ≈ λ, which exhibits a long-range
repulsive/short-range attractive behavior due to the finite range of depletion attraction.
2.4.1 Skew dependence OCES interactions
While the skew dependence of the LJ interactions discussed in the previous section can
be classified purely in terms of a single ratio of length scales, the behavior of the OCES
interactions, which is governed by interactions of two independent energy and length scales, is
not determined by a single dimensionless parameter. Instead, three dimensionless quantities
characterize the skew dependence of the OCES model. These include both the reduced range
of depletion attraction, Rh/a, the ratio of attraction to repulsive interaction range, Rh/λ,
as well as the ratio of the magnitudes screened-electrostatic interaction to depletion-induced
binding, which can be parameterized by the dimensionless ratio
γ ≡ Π/Γ = c
ρ2`B
(2.22)
where we assume dilute conditions where Π ∝ c.
The reduced potential as a function of θ is shown in Fig. 2.9 for a series of interaction
ranges Rh/a and fixed ratios of attractive to repulsive range Rh/λ and of attractive to
repulsive strength γ. As shown most clearly in Fig. 2.9(a) for Rh/λ = 1 and γ = 4, a
generic feature of the OCES potential is the appearance of a local maximum separating
parallel filaments and large skew angles. We find that the scaled height of the energy barrier
apparently increases with the ratio of interaction range relative to filament radius (below
we demonstrate that the small-angle behavior is specifically governed by the electrostatic
contributions). In this subsection, we restrict the discussion to the dependence of the global
angle-dependence of U(θ)/U0 on the interaction range Rh/a and γ and reserve a more detailed
analysis of the small-θ behavior for the subsequent section.
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Generically, we observe that in the case of very short-ranged interactions where Rh  a
(for fixed Rh ≈ λ), the reduced binding U(θ)/U0 approaches the universal “sticky tube”
limit obtained for σ  a in Sec. 2.3.1. As in the case of LJ-surface interactions, when
interactions are very short-ranged, inter-filament attraction favors maximal surface-surface
contact, which is constrained by the universal geometry of hard-tube packing described in
Sec. 2.2. Hence, in the limit of short-ranged surface interactions, we observe a relative
flattening of U(θ)/U0 for small θ, where the number of line-contacts between tubes remains
constant until a critical angle of θc = pi/4 is exceeded, at which point the tubes are able to
develop two lines of contact accounting for the limit U(θ → pi/2) = −2U0. As Rh/a → 0,
we find again that the optimal cohesive angle approaches this critical angle for hard tube
packing.
While limiting behavior of Rh/a → 0 of the OCES conforms the geometric behavior of
the “sticky tube” limit, critical differences between the OCES model and pair-wise LJ model
emerge as the interaction range of attraction approaches the tube size, in this case when
Rh ≈ a. Significantly, we observe that the shift in θm to larger skew angles with increasing
interaction range is not a continuous function of Rh/a (see Fig. 2.10). In particular, for a
given value of γ, we observe for small Rh/a θm increases gradually from pi/4 until a critical
value of Rh/a above which θm jumps discontinuously to a maximal twist of θm = pi/2.
Because the helical radius must diverge to avoid inter-tube overlap at maximal twist angle
(i.e. ∆∗ → ∞ as θ → pi/2), the shift of optimal angle to pi/2 implies that for sufficiently
large range of depletion, the optimal cohesion no longer favors a finite filament curvature,
which is unlike the thread-like limit LJ potential where we find θm approaches a universal
value (' 58◦) as σ/a→∞.
Underlying the loss of optimal angle at intermediate twist angles for Rh/a & 1 is the
geometry of the “depletion halo” at large twist. As we show in Appendix 2.7, for Rh & a,
the “depletion halos” of opposing filaments are strongly overlapping over the full range of
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θ, which implies, in this limit, that the angle dependence of ∆A is far less sensitive to
the precise geometry of inter-filament surface contact than in case of “sticky tubes”, where
cohesive contact is maximally sensitive to the non-linear dependence of inter-filament contact
on θ. Specifically, when Rh/a 1, as θ increases, depletion halos begin to make additional
contact and overlap with neighboring filaments “above” and “below” at skews far below
the point where hard tube interactions force in-place spacing ∆ to separate significantly.
Relative to the case of “sticky tubes” where hard-tube repulsion forces filaments to break
cohesive contact with points at equal height for θ & pi/4, large halos maintain substantial
in-plane contact (high overlap areas), while simultaneously strengthening attraction with
out-of-plane contacts. Hence, for large depletion halos Rh/a ≥ 1, attractive interactions
grow monotonically with twist angle, as we show explicitly in the Appendix, leading to a
loss of minimum of U(θ) for θ < pi/2.
In Fig. 2.9(b) and (c), we demonstrate the effect of increasing γ or Rh/λ, respectively,
on the on angle-dependence of inter-filament cohesion. These examples show that either
increasing the magnitude or range of depletion relative to screened electrostatic interaction
have the same qualitative effect of “flattening” the potential at small and large θ as indicative
of a “depletion dominated” interactions (see Fig. 2.14 in Appendix 2.7). Notably, as either
γ or Rh/λ increase, the critical interaction range Rh/a at which the optimal adhesion jumps
from skewed (θm < pi/2) to fully tilted (θm = pi/2) shifts to larger values, highlighting the
role played by electrostatic repulsion in destabilizing filament cohesion at a finite degree of
skew.
2.4.2 Stability of straight filaments and small-θ dependence
We now turn to analyze the small-θ behavior of the OCES potential. As highlighted in
the inset of Fig. 2.9(a), a universal feature of the OCES behavior is the appearance of a
local minimum for θ = 0, the stability of cohesive interactions for straight filament pairs
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FIG. 9. Dimensionless energy U/|U0| as a function of helical
angle ✓, optimized with respect to  , for a range of values of
Rh/a. Note that Rh/ =1.0 and   .
B. Stability of straight filaments and small-✓ dependence
We now turn to analyze the small-✓ behavior of the
OCES potential. As is highlighted in the inset of Fig.
??, a universal feature of the OCES behavior is the ap-
pearance of a local minimum for ✓ = 0 and the stabil-
ity of cohesive interactions for straight filament pairs,
d2U(✓)/d✓2✓=0 = U2 > 0. This local minimum at ✓ = 0 is
markedly di↵erent from the case of LJ -type surface in-
teractions, where parallel filaments generically unstable
to infinitesimal skew. This stability of parallel filaments
derives from the distinct small-✓ behavior of the com-
ponents of the OCES interactions. As discussed above
in Sec. ??, for pairwise interactions the e↵ect of in-
finitesimal skew can be understood in terms of the in-
crease of the number of points brought into closer in-
teraction range. For pairwise electrostatic interactions,
which are repulsive at all distances, decreasing sepa-
ration between points relative to parallel filaments im-
plies an increasing electrostatic repulsion at small-✓, and
d2UDH(✓)/d✓
2 > 0.
Depletion interactions, though they may act at longer
range for Rh >  , are not pairwise additive, and there-
fore, the decreased distance between pairwise elements
does not imply that infinitesimal skew increases deple-
tion induced binding at O(✓2). Instead, it is necessary
to consider the change in overlap geometry of the de-
pletion halos surrounding opposing filaments, where the
e↵ect of twist relates to the increased sectional areas de-
rived from backbone tilt. For small skew, tubular inter-
sections with the xy plane can be approximated as el-
liptical cuts through skewed cylinders. Relative to the
circular cuts of parallel filaments, at small-✓ elliptical
sections are a nely stretched along the tilt direction by
a factor of sec ✓, leading to an increase in overlap area
 A(✓)/ A(✓ = 0) ' sec ✓+O(✓4). Inserting this asymp-
totic result into eq. () we find that the geometric increase
in overlap area per planar section is perfectly canceled by
the geometric decrease in contact length (` = L cos ✓),
such that depletion interactions are strictly independent
of skew-angle to O(✓4) and d2UD(✓)/d✓
2 = 0.
The insensitivity of depletion for small twist implies
that the electrostatic repulsion always dominates at suf-
ficiently small angles. Weakly twisting a filament pair
generically increases the net free energy, and U2 =
d2UDH(✓)/d✓
2 > 0. This implies that parallel filaments
(✓ = 0) are always at least a weakly metastable state
of binding for OCES interactions, and an energy barrier
always separates the metastable state of interactions at
✓ = 0 from its minimal value at ✓ = ✓m. Because de-
pletion interactions do not contribute to the potential at
O(✓2), the stability of parallel filament interactions, as
measured through the curvature of the potential U2, is
determined solely by the strength and range of electro-
static repulsion. In Figs. ?? and ??, we observe that cur-
vature and magnitude of the energy barrier to increase
with both the range of repulsive interaction (increased
 /a) and the relative magnitude of electrostatic interac-
tions compared to depletion (decreasing  ).
Because U2 is independent of depletion, in Fig. we
analyze the ratio U2/UDH(✓ = 0) as a measure of small-
twist behavior for a range of ratios  /a and D/a, where
D = 2(    a) is the surface-surface separation of fila-
ments. In the well separated limit, where D is much
larger than a and  , Fig. ?? shows that U2/UDH(✓ =
0) approaches a characteristic ratio which is largely in
dependent of  /a. Hence, for large D, electrostatic
sensitivity to twist falls exponentially with separation
as U2 ⇠ U0 ⇠ L a2K0(D). In the limit of close-
contact where D is smaller than both a and   the ratio
U2/UDH(✓ = 0) approaches ratio that is strongly depen-
dent on  /a. Fig. ??? shows the asymptotic value of
U2/UDH(✓ = 0) approached in the close-contact limit
D ! 0. In this limit, a Derjaguin approximation gives
UDH(✓ = 0) = 2⇡
3/2 a1/2 3/2, which implies a scaling
behavior of the curvature
U2/L ⇠  a2 ⇥
⇢
( /a) 3/2 for  /a  1
(24)
Notably in the limit of short-ranged repulsions  /a⌧ 1,
decrease of potential curvature with decreasing screen-
ing length (U2 ⇠  ???) is consistent with “sticky tube”
behavior observed for short interactions ranges in Figs.
???.
We now focus on the potential response to small skew
deformations. In Fig.10 we plot the curvature of the
interaction potential, characterized by the ratio U2/U0,
=7.5
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FIG. 9. Dimensionless energy U/|U0| as a functio of helical
angle ✓, optimized with respect to  , for a range of values of
Rh/a. Note that Rh/ =1.0 and   4.
B. Stability of straight filaments a d small-✓ dependence
We now turn to analyze the small-✓ behavior of the
OCES potential. As is highlighted in the inset of Fig.
??, a universal feature of the OCES behavior is the ap-
pearance of a local minimum for ✓ = 0 and the stabil-
ity of cohesive interactions for straight filament pairs,
d2U(✓)/d✓2✓=0 = U2 > 0. This local minimum at ✓ = 0 is
markedly di↵erent from the case of LJ -type surface in-
teractions, where parallel filaments generically unstable
to infinitesimal skew. This stability of parallel filaments
derives from the distinct small-✓ behavior of the com-
ponents of the OCES interactions. As discussed above
in Sec. ??, for pairwise interactions the e↵ect of in-
finitesimal skew can be understood in terms of the in-
crease of the number of points brought into closer in-
teraction range. For pairwise electrostatic interactions,
which are repulsive at all distances, decreasing sepa-
ration between points relative to parallel filaments im-
plies an increasing electrostatic repulsion at small-✓, and
d2UDH(✓)/d✓
2 > 0.
Depletion interactions, though they may act at longer
range for Rh >  , are not pairwise additive, and there-
fore, the decreased distance between pairwise elements
does not imply that infinitesimal skew increases deple-
tion induced binding at O(✓2). Instead, it is necessary
to consider the change in overlap geometry of the de-
pletion halos surrounding opposing filaments, where the
e↵ect of twist relates to the increased sectional areas de-
rived from backbone tilt. For small skew, tubular inter-
sections with the xy plane can be approximated as el-
liptical cuts through skewed cylinders. Relative to the
circular cuts of parallel filaments, at small-✓ elliptical
sections are a nely stretched along the tilt direction by
a factor of sec ✓, leading to an increase in overlap area
 A(✓)/ A(✓ = 0) ' sec ✓+O(✓4). Inserting this asymp-
totic result into eq. () we find that the geometric increase
in overlap area per planar section is perfectly canceled by
the geometric decrease in contact length (` = L cos ✓),
such that depletion interactions are strictly independent
of skew-angle to O(✓4) and d2UD(✓)/d✓
2 = 0.
The insensitivity of depletion for small twist implies
that the electrostatic repulsion always dominates at suf-
ficiently small angles. Weakly twisting a filament pair
generically increases the net free energy, and U2 =
d2UDH(✓)/d✓
2 > 0. This implies that parallel filaments
(✓ = 0) are always at least a weakly metastable state
of binding for OCES interactions, and an energy barrier
always separ tes the metastable state of interactions at
✓ = 0 from ts minimal value at ✓ = ✓m. Because de-
pletion interact ons do not contribute to the potential at
O(✓2), the stability of parallel filament interactions, as
measured through the curvature of the potential U2, is
deter ined solely by the strength and range of electro-
static repulsion. In Figs. ?? and ??, we observe that cur-
va ure and magnitude of the energy barrier to increase
w h both th range of repulsive interaction (increased
 /a) and the relative agnitude of electrostatic interac-
tions compared to depletion (decreasing  ).
Because U2 is independent of depletion, in Fig. we
analyze the ratio U2/UDH(✓ = 0) as a measure of small-
twist behavior for a ange of ratios  /a and D/a, where
D = 2(    a) is the surface-surface separation of fila-
ments. In the well separated limit, where D is much
larger than a and  , Fig. ?? shows that U2/UDH(✓ =
0) approache a char cteristic ratio which is largely in
dependent of  /a. Hence, for large D, electrostatic
sensitivity to twist falls exponentially with separation
as U2 ⇠ U0 ⇠ L a2K0(D). In the limit of close-
contact where D is smaller than both a and   the ratio
U2/UDH(✓ = 0) approaches ratio that is strongly depen-
dent on  /a. Fig. ??? shows the asymptotic value of
U2/UDH(✓ = 0) approached in the close-contact limit
D ! 0. In this limit, a Derjaguin approximation gives
UDH(✓ = 0) = 2⇡
3/2 a1/2 3/2, which implies a scaling
behavior of the curvature
U2/L ⇠  a2 ⇥
⇢
( /a) 3/2 for  /a  1
(24)
Notably in the limit of short-ranged repulsions  /a⌧ 1,
decrease of potential curvature with decreasing screen-
ing length (U2 ⇠  ???) is consistent with “sticky tube”
behavior observed for short interactions ranges in Figs.
???.
We now focus on the potential response to small skew
deformations. In Fig.10 we plot the curvature of the
interaction potential, characterized by the ratio U2/U0,
=4.0
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FIG. 9. Dimensi nless energy U/|U0| as a function of helical
angle ✓, optimize with respect to  , for a range of values of
Rh/a. Note that Rh/ =1.0 and   .
B. Stability of str ight filaments and small-✓ dependence
W now turn to an lyze the small-✓ behavior of the
OCES potential. As s highlighted in the inset of Fig.
??, a universal feature of the OCES behavior is the ap-
pearance f a local minimum for ✓ = 0 and the stabil-
ity of c hesive in eractio s for traight filament pairs,
d2U(✓)/d✓2✓=0 = U2 > 0. This local minimum at ✓ = 0 is
ark dly di↵erent from the ase of LJ -type surface in-
teractions, where par el filaments generically unstable
to infinitesimal skew. This stability of parallel filaments
derives from the distinct small-✓ behavior of the com-
pon nts of the OCES int racti ns. As discussed above
in Sec. ??, for pairwis interactions the e↵ect of in-
finitesimal skew can be understood in terms of the in-
crease of the number f points brought into closer in-
teraction range. For pairwise electrostatic interactions,
which are repulsiv at all dist nces, decreasing sepa-
ration between points relative to parallel filaments im-
plie n increasing electrostatic repulsion at small-✓, and
d2UDH(✓)/d✓
2 > 0.
Depletion interactions, though they may act at longer
range fo Rh >  , ar not pairwise ad itive, and there-
fore, the decreased distanc between pairwise elements
does not imply that infinitesimal skew increases d pl -
tion induced bin ing at O(✓2). Instead, it is necessary
to consider the change in overlap geometry f the de-
pleti n halos surrou ding opposing filaments, where the
e↵ect of twist relates to the increased sectional areas de-
rived from backbone tilt. For small skew, tubular inter-
sections with the xy pl ne c n be approximated as el-
liptical uts th ough skew d cylinders. Relative to the
circu r cu of par el fi aments, at small-✓ elliptical
s ctions re a n ly stretched along the tilt direction by
a factor of sec ✓, leading to an increase in overlap area
 A(✓)/ A(✓ = 0) ' sec ✓+O(✓4). Inserting this asymp-
totic result into eq. () we find that the geometric increase
i overlap area per p anar s ction is perfectly canceled by
the ge metric decrease in contact length (` = L cos ✓),
such hat deple ion interactions are strictly independent
of skew-angle to O(✓4) and d2UD(✓)/d✓
2 = 0.
Th nsensitivity of depletion for small twist implies
that the electro tatic repulsion always dominates at suf-
ficiently small angles. Weakly twisting a filament pair
generically increases the net free energy, and U2 =
d2UDH(✓)/d✓
2 > 0. This implies that parallel filaments
(✓ = 0) ar always at least a w akly metastable state
of bind ng for OCES interactions, and an energy barrier
alw ys separates the metastable state of interactions at
✓ = 0 from its minimal v lu at ✓ = ✓m. Because de-
pletion interactions do n contribute to the potential at
O(✓2), the stability of parallel filament interactions, as
measured through the curvature of the potential U2, is
determi ed solely by the str ngth and range of electro-
static repulsion. In Figs. ?? and ??, we observe that cur-
vature and magnitude of the nergy barrier to increase
with both the range of repulsiv interaction (increased
 /a) and the rela ive magnitude of electrostatic interac-
tions compared to depletion (decreasing  ).
Because U2 is independent of depletion, in Fig. we
a alyze the ratio U2/UDH(✓ = 0) as a measure of small-
twist behavior for range of ratios  /a and D/a, where
D = 2(    a) i the surface-surface separation of fila-
ments. In the ell separated limit, where D is much
larger than a and  , Fig. ?? shows that U2/UDH(✓ =
0) approaches a characteristic ratio which is largely in
dependent of  /a. Hence, for large D, electrostatic
sensitivity to twist falls expone tially with separation
as U2 ⇠ U0 ⇠ L a2K0(D). In the limit of close-
contac where D is smaller than both a and   the ratio
U2/UDH(✓ = 0) approaches ratio that is strongly depen-
dent n  /a. Fig. ??? shows the asymptotic value of
U2/UDH(✓ = 0) appr ached n he close-contact limit
D ! 0. In this limit, Derjaguin approximation gives
UDH(✓ = 0) = 2⇡
3/2 a1/2 3/2, which implies a scaling
behavior of the curvature
U2/L ⇠  a2 ⇥
⇢
( /a) 3/2 for  /a  1
(24)
Notably i the limit of short-ranged repulsions  /a⌧ 1,
decrease of potential curvatu with decreasing screen-
ing length (U2 ⇠  ???) is consistent with “sticky tube”
behavior observed for short interactions ranges in Figs.
???.
We ow focus on the potential response to small skew
deformations. In Fig.10 we plot the curvature of the
inte ion potential, characterized by the ratio U2/U0,
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Figure 2.9. Optimized dimensionless energy U/|U0| as a function of helical angle θ. (a)
Dimensionless energy U/|U0| as a function of helical angle θ, optimized with respect to ∆,
for a range of values of Rh/a for λ/Rh=1.0 and γ=4. Inset: zoom of the same plot for
small helical angles showing an increasing energy barrier with Rh/a. (b) Sa e plot as (a)
for a higher γ = 7.5. All curves flatten for small helical angles and the depth of the minima
reduces. (c) Same plot as (a) with a smaller ratio of λ/Rh. Th overall trend is the sam as
that observed in (b).
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FIG. 9. Dimensionless energy U/|U0| as a function of helical
angle ✓, optimized with respect to  , for a range of values of
Rh/a. Note that Rh/ =1.0 and   4.
B. Stability of straight filaments and small-✓ dependence
We now turn to analyze the small-✓ behavior of the
OCES potential. As is highlighted in the inset of Fig.
??, a universal feature of the OCES behavior is the ap-
pearance of a local minimum for ✓ = 0 and the stabil-
ity of cohesive interactions for straight filament pairs,
d2U(✓)/d✓2✓=0 = U2 > 0. This local minimum at ✓ = 0 is
markedly di↵erent from the case of LJ -type surface in-
teractions, where parallel filaments generically unstable
to infinitesimal skew. This stability of parallel filaments
derives from the distinct small-✓ behavior of the com-
ponents of the OCES interactions. As discussed above
in Sec. ??, for pairwise interactions the e↵ect of in-
finitesimal skew can be understood in terms of the in-
crease of the number of points brought into closer in-
teraction range. For pairwise electrostatic interactions,
which are repulsive at all distances, decreasing sepa-
ration between points relative to parallel filaments im-
plies an increasing electrostatic repulsion at small-✓, and
d2UDH(✓)/d✓
2 > 0.
Depletion interactions, though they may act at longer
range for Rh >  , are not pairwise additive, and there-
fore, the decreased distance between pairwise elements
does not imply that infinitesimal skew increases deple-
tion induced binding at O(✓2). Instead, it is necessary
to consider the change in overlap geometry of the de-
pletion halos surrounding opposing filaments, where the
e↵ect of twist relates to the increased sectional areas de-
rived from backbone tilt. For small skew, tubular inter-
sections with the xy plane can be approximated as el-
liptical cuts through skewed cylinders. Relative to the
circular cuts of parallel filaments, at small-✓ elliptical
sections are a nely stretched along the tilt direction by
a factor of sec ✓, leading to an increase in overlap area
 A(✓)/ A(✓ = 0) ' sec ✓+O(✓4). Inserting this asymp-
totic result into eq. () we find that the geometric increase
in overlap area per planar section is perfectly canceled by
the geometric decrease in contact length (` = L cos ✓),
such that depletion interactions are strictly independent
of skew-angle to O(✓4) and d2UD(✓)/d✓
2 = 0.
The insensitivity of depletion for small twist implies
that the electrostatic repulsion always dominates at suf-
ficiently small angles. Weakly twisting a filament pair
generically increases the net free energy, and U2 =
d2UDH(✓)/d✓
2 > 0. This implies that parallel filaments
(✓ = 0) are always at least a weakly metastable state
of binding for OCES interactions, and an energy barrier
always separates the metastable state of interactions at
✓ = 0 from its minimal value at ✓ = ✓m. Because de-
pletion interactions do not contribute to the potential at
O(✓2), the stability of parallel filament interactions, as
measured through the curvature of the potential U2, is
determined solely by the strength and range of electro-
static repulsion. In Figs. ?? and ??, we observe that cur-
vature and magnitude of the energy barrier to increase
with both the range of repulsive interaction (increased
 /a) and the relative magnitude of electrostatic interac-
tions compared to depletion (decreasing  ).
Because U2 is independent of depletion, in Fig. we
analyze the ratio U2/UDH(✓ = 0) as a measure of small-
twist behavior for a range of ratios  /a and D/a, where
D = 2(    a) is the surface-surface separation of fila-
ments. In the well separated limit, where D is much
larger than a and  , Fig. ?? shows that U2/UDH(✓ =
0) approaches a characteristic ratio which is largely in
dependent of  /a. Hence, for large D, electrostatic
sensitivity to twist falls exponentially with separation
as U2 ⇠ U0 ⇠ L a2K0(D). In the limit of close-
contact where D is smaller than both a and   the ratio
U2/UDH(✓ = 0) approaches ratio that is strongly depen-
dent on  /a. Fig. ??? shows the asymptotic value of
U2/UDH(✓ = 0) approached in the close-contact limit
D ! 0. In this limit, a Derjaguin approximation gives
UDH(✓ = 0) = 2⇡
3/2 a1/2 3/2, which implies a scaling
behavior of the curvature
U2/L ⇠  a2 ⇥
⇢
( /a) 3/2 for  /a  1
(24)
Notably in the limit of short-ranged repulsions  /a⌧ 1,
decrease of potential curvature with decreasing screen-
ing length (U2 ⇠  ???) is consistent with “sticky tube”
behavior observed for short interactions ranges in Figs.
???.
We now focus on the potential response to small skew
deformations. In Fig.10 we plot the curvature of the
interaction potential, characterized by the ratio U2/U0,
=4.0; λ/Rh=1.0
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FIG. 9. Dimensionless energy U/|U0| as a function of helical
angle ✓, optimized with res ect to  , for a range of values of
Rh/a. Note that  =1.0 and   .
B. Stability of straigh filaments and sma l-✓ dependence
We now turn to analyze the small-✓ behavior of the
OCES potential. As is highl ghted in t e inset of Fig.
??, a universal feature of the OCES behavior is the ap-
pearance of a local minimum f r ✓ = 0 and the stabil-
ity of cohesive nteractions for straight filament pairs,
d2U(✓)/d✓2✓=0 = U2 > 0. This local minimum at ✓ = 0 is
markedly di↵erent from the case of LJ - ype surface in-
teractions, where parallel filaments gen rically u table
to infinitesimal skew. Thi st bility of parallel fi aments
derives from the d stinct small-✓ behavior of the com-
ponents of the OCES interactions. As discussed above
in Sec. ??, for pairwise interactions the e↵ect of in-
finitesimal skew can be understood in terms of the in-
crease of the number points brought into closer in-
teraction range. For pairwise electrost tic int ra i ns,
which are repulsive at all distances, decreasing sepa-
ration between points r lative to parall l filaments im-
plies an increasing lectrostatic repu sion a small-✓, and
d2UDH(✓)/d✓
2 > 0.
Depletion interactions, though they may act at longer
range for Rh >  , are not pairwise additive, and there-
fore, the decreased distance between p irwise elements
does not imply that infinitesimal skew increases deple-
tion induced bindi g at O(✓2). Inste d, it is nece sary
to consider the change in overlap geometry of the de-
pletion halos surrounding opposing filaments, where the
e↵ect of twist relates t the incre s d sectional areas de-
rived from backbone tilt. For small skew, tubular inter-
sections with the xy plane can be approxim ted as el-
liptical cuts through skewed cylinder . R lative to the
circular cuts of parallel filaments, t small-✓ elliptical
sections are a n ly stretched along the ilt irection by
a factor of sec ✓, leading to an increase in overlap area
 A(✓)/ A(✓ = 0) ' sec ✓+O(✓4). In rting this asymp-
totic result into eq. () we find that the geometric increas
in overlap area per plan r section is perfectly canceled by
the geometric decrease in contact length (` = L cos ✓),
such that depletion interactions are strictly independent
of skew-angle to O(✓4) and d2UD(✓)/d✓
2 = 0.
The insensitivity of deplet on for small twist implies
that the electrostatic repu sion always dominates at suf-
ficiently small angles. Weakly twisting a filament pair
generically increases the net free energy, and U2 =
d2UDH(✓)/d✓
2 > 0. This implies that parallel filaments
(✓ = 0) are always at least weakly metastabl state
of binding for OCES interactions, and an energy b rrier
always separates the metastable state of in eractions at
✓ = 0 from its minimal value at ✓ = ✓m. Because de-
pletion interactions do no con ribute to the potential at
O(✓2), the stability of parallel filament interactions, as
measur d through the curvature of the potential U2, is
determined solely by the strength and range of electro-
static repulsion. In Figs. ?? a d ??, we observe that cur-
vature and magnit d of the energy barrier to increase
with both the range of repulsive interaction (increased
 /a) and the relative magnitude of lectrostatic intera -
tions compared o depletion ( ecreasing  ).
Because U2 is independent of depletion, in Fig. we
analyze the ratio U2/UDH(✓ = 0) as a measure of sm ll-
twist behavior for a range of atios  /a and D/a, where
D = 2(    a) is the surface-surface separation of fila-
ments. In the w ll eparated limit, where D s much
larger than a and  , Fig. ?? shows that U2/UDH(✓ =
0) approaches a characteristic ratio which is largely in
dependent of  /a. H ce, for large D, electrostatic
sensitivity to twist falls exponentially with separ tion
as U2 ⇠ U0 ⇠ L a2K0(D). In the limit of close-
contact where D is smaller than both and   the ratio
U2/UDH(✓ = 0) approaches ratio that is strongly depen-
dent on  /a. Fig. ??? shows the asympt tic value of
U2/UDH(✓ = 0) approached in the close-contac limit
D ! 0. In this limit, a Derjaguin approxim tion gives
UDH(✓ = 0) = 2⇡
3/2 a1/2 3/2, which implies a scaling
behavior of the curvatu e
U2/L ⇠  a2 ⇥
⇢
( /a) 3/2 for  /a  1
(24)
Notably in the limi of shor -ranged repulsions  /a⌧ 1,
decrease of potential curvature with decreasing screen-
ing length (U2 ⇠  ???) is consistent with “sticky tube”
behavior observed for short interactions ranges in Figs.
???.
We now focus on the potential response to small kew
deformations. In Fig.10 we plot the curvature of the
interaction potential, haracterized by the ratio U2/U0,
=4.0; λ/Rh=0.8
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B. St bility of straight filaments and small-✓ dep ndence
We now urn to analyze the small-✓ behavior of the
OCES pote tial. As is highlighted in the inset of Fig.
??, a uni ersal featur of the OCES behavior is the ap-
peara ce of a local minimum for ✓ = 0 and the stabil-
i y of c hesiv interac ions for str ight filament pairs,
d2U(✓)/d✓2✓=0 = U2 > 0. This local minimum at ✓ = 0 is
ma kedly di↵er nt from th case of LJ -type surface in-
ter ctions, wh re p rallel fi ame ts generically unstable
to infinitesimal skew. This stability of parallel filaments
derives fro the distinct small-✓ behavior of the com-
ponents of the OCES interactions. As discussed above
in Sec. ??, for pairwise int ractions the e↵ect of in-
finitesimal skew can be understood i terms of the in-
crease of the number of points brought into closer in-
teraction ra g . For pairwise electro tatic interactions,
which are repulsiv t all d stances, decreasing sepa-
ration betwe n points relative to parallel filaments im-
plie a increasing electrostatic repulsion at small-✓, and
d2UDH(✓)/d✓
2 > 0.
Depletion interactions, though they may act t longer
rang for Rh >  , re not pairwis additiv , and there-
fore, the decr ased di tance b twe pairwise elements
does ot imply that infi it simal skew increases deple-
tion induced binding at O(✓2) In tead, it is necessary
to cons der the change in overlap geometry of the d -
pletion halos surrounding opp sing filaments, where th
e↵ec of tw st lates to he inc ease sectio al areas de-
riv d from backbo e tilt. For small skew, tubular inter-
s ctions with the xy lane can be approximated as el-
liptical cuts through skewed cylinders. Relative to the
circular cuts of parallel fi aments, at small-✓ elliptical
sections ar a nely stretched along the tilt direction by
a f ctor of sec ✓, le ding t an increase in overlap area
 A(✓)/ A(✓ = 0) ' sec ✓+O(✓4). Inserting this asymp-
otic r sult into eq. () we find that the geometric increase
in overlap area p r lanar se tion is perfectly canceled by
th g ometric de r ase in contact length (` = L cos ✓),
such hat depl tio interactions are strictly independent
of skew-angle to O(✓4) and d2UD(✓)/d✓
2 = 0.
The insensitivity of depletion for small twist implies
th t the electro t ic repulsion always dominates at suf-
ficiently small a gles. Weakly twisting a filament pair
g n rically incr ases the net free energy, and U2 =
d2UDH(✓)/d✓
2 > 0. This implies tha parallel filaments
(✓ = 0) are l ays at l ast weakly metastable state
of binding fo OCES interactions, and an energy barrier
always separat s he metastable state of interactions at
✓ = 0 from its minimal valu t ✓ = ✓m. Because de-
pleti n int rac ons do not con ribute to the potential at
O(✓2), the stab ity of parallel filament interactions, as
measured hrough the curvature of the potential U2, is
determined s lely by the strength and range of electro-
static repulsion. In Figs. ?? and ??, we observe that cur-
vature and mag itude of the energy barrier to increase
w th both the range of repulsive int raction (increased
 /a) and the r la ive magnitude of electrostatic interac-
tions compared to depletion (decreasing  ).
B cause U2 is independent of depl tion, in Fig. we
analyze the atio U2/UDH(✓ = 0) as a measure of small-
twist behavior f r a r nge of ratios  /a and D/a, where
D = 2(    a) is the surf ce-surface separation of fila-
ents. In the well sepa ated limit, where D is much
larger than a and  , Fig. ?? shows that U2/UDH(✓ =
0) approaches a characteristic atio which is largely in
dependent of  /a. Hence, fo large D, electrostatic
sensitivity t twist falls exponentially with separation
as U2 ⇠ U0 ⇠ L a2K0(D). In the limit of close-
contact where D is smaller than both a and   the ratio
U2/UDH(✓ = 0) ap roaches ratio that is strongly depen-
d nt on  /a. Fig. ??? shows the asymptotic value of
U2/UDH(✓ = 0) appr ached in the close-contact limit
D ! 0. In th s limit, a Derjaguin approximation gives
UDH(✓ = 0) = 2⇡
3/2 a1/2 3/2, wh ch implies a scaling
beh vior of the curvature
U2/L ⇠  a2 ⇥
⇢
( /a) 3/2 for  /a  1
(24)
Notably in the limit of short-ranged repulsions  /a⌧ 1,
decrease of poten ial cu v ture with decreasing screen-
ing length (U2 ⇠  ???) is consistent with “sticky tube”
behavior obs rved for hort interactions ranges in Figs.
???.
We ow focus on the potential response to small skew
deformations. In Fig.10 we plot the curvature of the
interac ion potential, charac erized by the ratio U2/U0,
Figure 2.10. θm vs. lnRh/a for the three cases shown in Fig. 2.9. Inset: The discontinuous
jump in the minimum angle shown as a function of Rh/a. The discontinuity corresponds to
Rh/a ≈ 0.32 (blue curve), 0.41 (orange curve) and 0.40 (green curve).
d2U(θ)/dθ2|θ=0 = U2 > 0, and a finite energy barrier separating parallel filaments from
lower-energy states at lower skew. The local minimum at θ = 0 is markedly different from
the case of LJ-type surfac interactions, where pa llel filaments are generica ly unst ble
to infinitesimal skew. In this case, the stability of parallel filaments derives from the dis-
tinct small-θ behavior of the components of the OCES interactions. As discussed above in
Sec. 2.4.1, for pairwise interactions the effect of infinitesimal skew can be understood in terms
of the incre s of the number of p ints brought int closer interaction ra g . For pairwis
electrostatic interactions, which are repulsive at all distances, decreasing separation between
points relative to parallel filaments implies an increasing electrostatic repulsion at small-θ,
and d2UDH/dθ
2|θ=0 > 0.
Depletion interactions, though they may act at longer range for Rh > λ, are not pairwise
additive, and therefore, the decreased distance between pairwise elements does not imply
that infinitesimal skew increases depletion induced binding at O(θ2). Instead, it is necessary
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to consider the change in overlap geometry of the depletion halos surrounding opposing
filaments, whereby the effect of twist relates to the increased sectional areas derived from
backbone tilt. For small skew, tubular intersections with the xy plane can be approximated as
elliptical cuts through skewed cylinders 4. Relative to the circular cuts of parallel filaments,
at small-θ elliptical sections are affinely stretched along the tilt direction by a factor of
sec θ, leading to an increase in overlap area ∆A(θ)/∆A(θ = 0) ' sec θ + O(θ4). Inserting
this asymptotic result into eq. (2.21) we find that the geometric increase in overlap area
per planar section is perfectly canceled by the geometric decrease in contact length (` =
L cos θ), such that depletion interactions are strictly independent of skew-angle to O(θ4) and
d2UD/dθ
2|θ=0 = 0.
The insensitivity of depletion for small twist implies that the electrostatic repulsion always
dominates at sufficiently small angles. Weakly twisting a filament pair generically increases
the net free energy, corresponding to a positive curvature of the angle-dependent potential
U2 = d
2UDH/dθ
2|θ=0 > 0. This implies that parallel filaments (θ = 0) are always a weakly
metastable state of binding for OCES interactions, and an energy barrier always separates
the metastable state of interactions at θ = 0 from its minimal value at θ = θm. Because
depletion interactions do not contribute to the potential at O(θ2), the stability of parallel
filament interactions, as measured through the curvature of the potential U2, is determined
solely by the strength and range of electrostatic repulsion. Hence the inset of Fig. 2.9(a)
shows the curvature and magnitude of the energy barrier to increase with both the range of
repulsive interaction (increased λ/a) and the relative magnitude of electrostatic interactions
compared to depletion (decreasing γ).
4This follows from the fact that to lowest order in Ω, the backbone curves of filaments approximate
straight lines, tilted by θ with respect to zˆ.
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Figure 2.11. Normalized curvature on the potential lnU2/UDH(θ = 0) vs. lnD/a, where
D = 2(∆ − a) is the surface-surface separation, for various λ/a. In this plot γ = 20 and
Rh/a = 1.
In Fig. 2.11 we analyze the ratio U2/UDH(θ = 0) as a measure of small-twist behavior
for a range of ratios λ/a and D/a, where D = 2(∆− a) is the surface-surface separation of
filaments. In the well-separated limit, where D is much larger than a and λ, Fig. 2.12 shows
that U2/UDH(θ = 0) tends towards a characteristic ratio which is largely independent of
λ/a. Hence, for large D, electrostatic sensitivity to twist falls exponentially with separation
as U2 ∼ UDH ∼ LΓa2K0(κD). In the limit of close-contact where D is smaller than both
a and λ the ratio U2/UDH(θ = 0) approaches a ratio that is strongly dependent on λ/a.
Fig. 2.12 shows the asymptotic value of U2/UDH(θ = 0) approached in the close-contact limit
D/a → 0. In this limit, a Derjaguin approximation gives UDH(θ = 0) = 2pi3/2Γa1/2κ−3/2
which implies a scaling behavior of the curvature (for closely-spaced filaments)
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Figure 2.12. Normalized curvature lnU2/UDH(θ = 0), as function of λ/a in the limit
D/a→ 0 (lnD/a ≈ −6.14). In this region λ/a scales as a power law ∼ (λ/a)5/4.
U2(D  a)/L ∼ Γa2 ×

(λ/a)9/4 for λ a
(λ/a)3/2 forλ a
. (2.23)
Notably in the limit of short-ranged repulsions λ  a, the dramatic decrease of potential
curvature with decreasing screening length (U2 ∼ λ9/4) is consistent with “sticky tube”
behavior observed for short interactions ranges in Figs. 2.9, which rapidly flatten in shape
as λ/a is decreased below unity.
2.5 Discussion
The study of the twist-dependence of inter-filament cohesion yields a number of impor-
tant general conclusions. Firstly, that cohesive interactions generically favor non-zero skew.
We can rationalize this in the extreme limit of short-range (“sticky tube”) interactions as
a geometrical condition for maximizing the number of “contact lines” between opposing fil-
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aments, which corresponds to the crude picture of three lines of contact “merging” at the
critical angle θc = pi/4. However, the nature of the twist dependence at small angles is
demonstrated to be non-universal, with the sign of the curvature of U(θ) (and the stabil-
ity of parallel filaments) determined critically by the nature of interactions dominating in
this regime. For pair-wise surface forces, infinitesimal twist of parallel filaments, upon ag-
gregation, decreases the distance between points on opposing filaments. Thus, weak twist
generically decreases (increases) the inter-filament potential for attractive (repulsive) inter-
actions relative to the parallel configuration. When attractive interactions dominate at small
twist as in the LJ potential, inter-filament cohesion destabilizes parallel filaments, while the
dominance of electrostatic repulsion (combined with the insensitivity of depletion to small
twist) leads to meta-stable parallel state.
It is critical to recognize that these conclusions, even at a qualitative level, are critically
sensitive to the ability of flexible filaments to conform to a curved, double-helical geometry.
Indeed, for the extreme case of perfectly rigid filaments well-studied in the literature [65,
80, 81], precisely the opposite behavior is achieved at small-twist due to the loss of inter-
filament contact at distant ends of the filaments (see Fig. 2.1(a)) and twisting parallel rigid
filaments decreases (increases) the potential for attractive (repulsive) pair-wise interactions
between surface elements. For example, if one assumes the twist dependence of electrostatic
interactions between rigid cylinders [80,81] to describe assemblies of flexible, double helically-
twisted filaments then one arrives at the conclusion that electrostatic repulsion favors inter-
filament helical skew and spontaneous twist of the assembly, a conclusion clearly contradicted
by the present analyses.However, such generic conclusions strictly apply only when the center
line between double-helically pairs is straight. The skew-dependence of interactions is likely
to be altered in magnitude, and potentially even sign, as the center line between double-
helical pair becomes highly curved, a motif that occurs for certain pairs in large multi-filament
assemblies.
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We briefly discuss implications of our 2-filament study for models cohesive assembly of
N > 2 filaments. We divide this discussion into two prototypical assembly geometries: i)
twisted filament bundles, which are roughly isotropic in cross-section [44]; and ii) helical
filament ribbons, which are highly anisotropic in cross-section, approximately 2D surfaces
composed of 1D lateral assemblies of twisted filaments and which have recently been studied
as structural models twisted amyloid fibrils [82–84]. First it is important to note that in
both classes of N > 2 assembly, filaments (or “strands”) belong to a common class of
shapes: helices of constant pitch, with helical radii that varies with position in the cross-
section (distance from the center). Furthermore, locally each filament pair has a similar
topology to the double-helical geometry of the present study: filament pairs wind around
another with a non-zero, inter-filament skew angle dependent on radial separation. While,
it is therefore natural to expect many of the generic features of the skew-dependence of
double-helical pairs to carry over to the pair-wise interactions between constituent filaments
in N > 2 assemblies, intuitively similar twisted geometries are not necessarily described
by the same cohesive behavior, as evidenced by the difference between rigid and double-
helically twisted filament pairs. Notably, for bundles (case i) filament separations along
azimuthal directions in the bundle are geometrically frustrated by twist, which significantly
complicates the structure and energetics of N  2 bundles, as has been studied in detail by
Bruss and Grason [16,30]. Notwithstanding complexities associated with changes in packing
topology with twist, it was shown for a model of “thread-like” LJ-like interactions that
such cohesive interactions ultimately favor spontaneous twist of sufficiently long and flexible
filament bundles, consistent with the overall effect of such interactions at the pair-wise level
of the double helix [30].
For the somewhat simpler geometry of helical ribbons (case ii), which might be viewed
as a single “row” of filaments in the twisted bundle and where azimuthal frustration is not
present, the generic conclusions of the present study of double helices (i.e. that pair-wise
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surface interactions generically increase in magnitude with twist) can only be rigorously
applied for filament pairs sufficiently close to the center of the ribbon, whose geometry is
well-approximated by the straight double helix. Filament pairs at the outer edge of helical
ribbons are not only locally twisted, but the contact line between them is also bent (into a
helix) [83]. While a careful analysis of the simultaneous effects of twist and bend cohesion
microscopic models of cohesion is beyond the scope of the present study, there is reason to
suspect that this bending generically leads to the opposite effect as double-helical twist, due
to a “slip” of inter-filament contact required at the ends of the ribbon. Such an effect has
been studied in detail for a model of thread-like cohesion in Bruss and Grason [30] and has
been shown to decrease the magnitude of pair-wise forces with increased twist. We therefore
speculate that the skew-dependence of cohesion will change at least in magnitude, if not
sign, of effect as filament pairs become sufficiently far from the center of the ribbon (i.e. for
sufficiently wide ribbons).
Returning to the case of an attractive, pair-wise interaction between filaments, such
as the LJ potential, we are led to the surprising and generic conclusion that the cohe-
sive gain (growing as ∼ θ2) dominates the mechanical cost of helical bending (growing as
∼ θ4) for small twist, and hence, cohesion always stabilizes some measure of inter-filament
twist. Given that LJ-type interactions are a common model for the van der Waals inter-
actions between a broad range of neutral filaments, most notably carbon nanotubes, we
are led to ask about the magnitude of the equilibrium twist angle predicted by the anal-
ysis and compare this to existing experimental observations. Here, we provide a simple
estimate for the equilibrium inter-filament skew of 2-filament carbon nanotube ropes con-
sidering (6,6) and (20,20) nanotubes as limiting cases of small- and large-diameters. For
dispersion interactions between graphene-like surfaces, interactions parameters have been
computed  = 3.48 eV/nm4 [34] and σ = 0.38 nm [35], while the bending stiffnesses have
been predicted to be B(6,6) ' 712 eVnm and B(20,20) ' 22, 800 eVnm [34–36]. Using the scal-
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ing estimate of eq. (2.15) and (2.17) we estimate θeq to be 0.2
◦ and 0.08◦, for (6,6) and (20,20)
nanotubes, respectively. Given the nanometer scale of tube diameters, these extremely mod-
est degrees of twist (deriving from the profound rigidity of nanotubes) correspond to helical
pitches on the scale of microns (or larger) which would be challenging, at best, to resolve via
most the most commonly used microscopy techniques.
2.6 Conclusion
In this chapter we have demonstrated the importance of flexibility in interacting filaments.
Simply put, the large-scale deformation of filaments cannot be ignored when modeling the
dependence of filament forces on inter-filament geometry (separation and orientation). From
the point of the inter-filament forces, the double-helical state is ideal given its ability to
maintain cohesive contact at the expense of adjusting inter-filament spacing and local geom-
etry. Considerations of filament mechanics notwithstanding, cohesion favors skewed states,
with an optimal geometry determined by the interplay of universal geometric considerations
and non-universal features of the inter-filament potential, notably the range, pair-wise vs.
non pair-wise additivity, and attractive vs. repulsive nature. Given the markedly distinct
predictions of the present model, which assumes filaments to be sufficiently flexible to main-
tain contact along their contours and the previously studied extreme limit of perfect rigidity,
it remains an open challenge to resolve how the twist-dependence of inter-filament cohesion
evolves (and ultimately inverts) between these two asymptotic limits for filaments of finite
length and stiffness.
2.7 Appendix: Depletion interactions between twisted filaments
In this appendix, we provide details on the calculation of the depletion-induced attraction
in flexible double-helical pairs, eq. (2.21). Specifically, we compute the overlap area between
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the filaments in the xy plane, ∆A(θ), for a given inter-filament separation ∆ and range of
depletion Rh
5 . The excluded volume region is enclosed with in the depletion halo which
surrounds the filament and sits at a distance
aeff = a+Rh, (2.24)
from the center line. To compute the area of overlap between excluded volume regions on
opposing tubes, we make use of Green’s theorem [85] for the area bounded by a closed, 2D
curve, X(s), in the xy plane6
Area
[
X(s)
]
=
∮
ds (X× ∂sX) · zˆ. (2.25)
To determine the curves that bound the overlap regions (cross-sectional cuts of the depletion
halo with respect to its helical axis) we use the parametrization given by eq. (2.4) (under
the replacement a→ aeff ). Note that integrating the overlap area over the contact height of
the pair, ` = L cos θ, yields the overlap volume depicted schematically in Fig. 2.8(b). This
involves seeking solutions to the equation R± · zˆ = 0, which via eq. (2.2) may be written
as z0(φ±) = −aeff sinφ± sin θ. The curves R±|z0 ≡ R0±(φ±), valid for any helical angle θ,
delimit the boundaries of the cross-sectional area of excluded volume, whose shape is shown
in Fig. 2.13.
The depletion interaction is determined by the area of overlap between the ± curves. Let
C± correspond to the set of φ± for which R0± is overlapping with R
0
∓. The sets φ± ∈ C±
satisfy the inequalities R0−(φ−)·xˆ > 0 and R0+(φ+)·xˆ < 0, respectively. Summing the (signed)
5In contrast to refs. [78, 79] which numerically analyzed vertical cuts of helical tubes, we consider the
horizontal cuts, whose shape can be determined analytically
6Green’s theorem is a special case in 2D of Stokes theorem
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area integration over the disjoint overlap contours is equivalent to the sum of contour integrals
around the piecewise-continuous curves bounding the overlap areas. Hence, the overlap area
can be expressed as
∆A(θ) =
∮
C−
dφ−(R0− × ∂φ−R0−) · zˆ +
∮
C+
dφ+(R
0
+ × ∂φ+R0+) · zˆ. (2.26)
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eq. (21). Specifically, we compute overlap area between
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cluded volume region is enclosed with in the depletion
halo which surrounds the filament and sits at a distance,
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between excluded volume regions on opposing tubes, we
make use of Green’s theorem? ? for the area bounded
by a closed, 2D curve, X(s), in the xy plane
Area
⇥
X(s)
⇤
=
I
ds (X⇥ @sX) · zˆ. (A2)
To determine the curves that bound the overlap regions
( cross-sectional cuts of the depletion halo with respect
to its helical axis) we use the parametrization given by
eq. (4) (under the replacement a ! aeff ). Note that
integrating the overlap area over the contact height of
the pair, ` = L cos ✓, yields the overlap volume depicted
schematically in Fig.8(b). This involves seeking solu-
tions to the equation R± · zˆ = 0, which via eq. (2) may
be written as z0( ±) =  aeff sin ± sin ✓. The curves
R±|z0 ⌘ R0±( ±), valid for any helical angle ✓, delimit
the boundaries of the cross-sectional area of excluded vol-
ume, whose shape is shown in Fig.13.
The depletion interation is determined by the area of
overlap between the ± curves. Let C± correspond to
the set of  ± for which 0± that is overlapping with R
0
⌥.
The sets  ± 2 C± satisfy the inequalities R0 (  ) · xˆ > 0
and R0+( +) · xˆ < 0, respecitvely. Hence, summing the
(signed) area integration over the disjoint overlap con-
tours yeilds the sum of the contour integration around
the piecewise-continuous curves bounding the overlap ar-
eas, that is, the overlap area,
 A(✓) =
I
C 
d  (R0  ⇥ @  R0 ) · zˆ
+
I
C+
d +(R
0
+ ⇥ @ +R0+) · zˆ. (A3)
The computed depletion interaction, eq. (A3), as a
function of helical angle is shown in Fig.14, for the lim-
iting case when the filaments are closed packed (the dis-
tance of closest approach between center lines is a), cor-
responding to maximal overlap volume. Note the uni-
versally (flat) behavior at small helical angles, signature
of a low energy gain that increases as a quartic power.
Again, the small-✓ dependence can be easily understood
by the shape of cross-sections at small angles, which are
a nely strecthed by a factor of 1/ cos ✓ due to small in-
plane tilt of the backbone curve. In this limit, eq. (??)
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FIG. 13. Cross section of the filaments and depletant halo fro
✓ = 7⇡/18 and  /a = 2.108. The origin of the coordinate
system is explicitly shown for clarity. Inset: zoom of the
overlap area between the halos. The red curve corresponds to
region used in the integration in eq. (A2).
between the surfaces of the depletion halos around the
surface of the filaments. We take advantage of the geom-
etry of the problem by focusing on the right half of the top
overlap area, shown in the inset of Fig.13. For simplicity
we drop the ± subscript in what follows and only consider
the filament on the left (  subscript), now described by
R˜. Let { over} be the set of angular coordinates   in the
r gi f the overlap. Such points are solutions to the
equation R˜ · xˆ > 0. We define R˜  = ( R˜x, R˜y). Then
the overlap area is
 A(✓) = 2
I
{ over}
(R˜⇥ @ R˜  R˜  ⇥ @ R˜ ) · zˆ d  R˜( )
= 4
I
{ over}
(R˜x@ R˜y   R˜y@ R˜x)d . (A2)
The scaling of the depletion interaction, eq. (21) and
eq. (A2), as a function of helical angle is shown in Fig.14,
for the limiting case when the filaments are touching
(  = a). This corresponds to the maximum energy gain
possible for filament pairs. Notice the universal (flat)
behavior at small helical angles, signature of a low en-
ergy gain that increases as a quartic power. This de-
pendence on ✓ can be easily understood by examining a
little closely what happens at small angles. In this limit,
q. (A2) scales as  A(✓ = 0)/ cos ✓, perfectly balancing
the cos ✓ term of the osmotic attraction, eq. (21), thus
making the leading power to scale as ✓4. For higher values
of ✓ the depletion reaches a global minima, which shifts
rightward with increasing halo size. In the limit where
the deplet on halo is negligible, the resulting attraction is
dominated by the geometry of the close-packed double-
helices described in Sec. II. As the halo radius increases,
the attraction grows with the overlap area, driving the
filaments to an optimal non-zero helical angle where the
energy gain is maximum. Finally, as the helical angle in-
creases, the cross sections have deformed into elongated
jelly beans, as shown in Fig. 13, where there are only
two points of contact providing adhesive gain, which ac-
counts for the saturation value of  2UD(✓ = 0) in the
energy.
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jelly beans, as shown in Fig. 13, where there are only two
points of contact providing adhesive gain, which accounts
for the saturation value of  2UD(✓ = 0) in the energy.
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scales as  A(✓ = 0)/ cos ✓, perfectly balancing the cos ✓
term of the osmotic attraction, eq. (21), thus making the
leading power to scale as ✓4. For higher values of ✓ the
depletion reaches a global minima, which shifts right-
ward with increasing halo size. In the limit where the
depletion halo is negligible, the resulting attraction is
dominated by the geometry of the close-packed double-
helices described in Sec. II. Finally, as the helical angle
increases, the cr ss sections have deformed into longated
jelly beans, as shown in Fig. 13, wh re there are only two
points of contact providing adhesive gain, which accounts
for the saturation value of  2UD(✓ = 0) in the n rgy.
Figure 2.13. Schematic of cross section of the filaments and depletant halo at non-zero
skew angle. A sample cross section of the filaments and depletant halo at non-zero skew
(θ = 7pi/18, Rh/a = 0.25 and ∆/a ≈ 2.1). Inset: zoom of the overlap area between the
halos showing the origin of the coordinate system used in the parametrization. The red curve
corresponds to the region used in the integration in eq. (2.26)
.
The computed depletion interaction, eq. (2.26), as a function of helical angle is shown in
Fig. 2.14, for the limiting case when the filaments are closed packed (the distance of closest
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Figure 2.14. Normalized depletion interaction as a function of helical angle. The filaments
are always in contact, ∆ = a, and the ratio of the depletion halo to radius of filaments, Rh/a,
changes. The scaling of the energy at small helical angles is ∼ θ4.
approach between center lines is a), corresponding to maximal overlap volume. Note the
universally (flat) behavior at small helical angles, signature of a low energy gain that increases
as a quartic power. Again, the small-θ dependence can be easily understood by the shape
of cross-sections at small angles, which are affinely strecthed by a factor of 1/ cos θ due to
small in-plane tilt of the backbone curve. In this limit, eq. (2.26) scales as ∆A(θ = 0)/ cos θ,
perfectly balancing the cos θ term of the osmotic attraction, eq. (2.21), thus making the
leading power to scale as θ4. For higher values of θ the depletion reaches a global minima,
which shifts rightward with increasing halo size. In the limit where the depletion halo is
negligible, the resulting attraction is dominated by the geometry of the close-packed double-
helices described in Sec. 2.2. Finally, as the helical angle increases, the cross sections have
deformed into elongated jelly beans, as shown in Fig. 2.13, where there are only two points
of contact providing cohesive gain, which accounts for the saturation value of −2UD(θ = 0)
in the energy.
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CHAPTER 3
PACKINGS OF COHESIVELY-INTERACTING HELICAL
FILAMENTS
3.1 Introduction
As equipment and techniques improve experimental setups, it is now possible to visualize
and manipulate aggregates of polymers (collagen [9], MTs [12], fibril [11], just to mention
a few) at a level never reached before. These advancements provide a unique view into the
realm of bio-polymers and their complex self-assembly processes. These visualizations have
sparked the development of the theory of polymer self-assembly, which at a fundamental
level is trying to describe accurately the basic principles responsible for aggregate forma-
tion, in various degrees of complexity. An accurate description of the different phenomena
observed must combine successfully notions of geometry, chemistry, bio-physics, mechanics,
and polymer science. This is indeed a fascinating and difficult task to accomplish.
The theory of filament aggregation currently lacks a basic understanding of how shape
influences assemblies of slender filaments. Recently some work describing the packing of
flexible rod-like molecules has been published [15, 18, 44, 86] aiming to fill this gap. For the
most part, the polymers are assumed to be flexible rods and therefore the mechanics involved
in their aggregation is described via linear elasticity theory. The models have also assumed
the molecules to be helical tubes of constant shape. The appeal of helices is threefold (in
our view): it is the simplest model that can reliably describe curved filaments; it is observed
extensively in experiments; and provides a framework general enough to encapsulates other
types of curved filaments, by considering (simple) deviations from the constant helical shape.
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In order to keep the models analytically tractable, the theory has relied on a continuum
approach, which is suitable for large number of filaments in a bundle. However to date
basic questions in filament aggregation remain unanswered. For example, given the inherent
frustration in bundles of curved filaments that arises between accommodating a uniform
spacing given a prescribed uniform shape, it is natural to ask what is the geometry of the
optimal packing and what is its dependence on the mechanics of the assembly, if any. It is
also not clear what the effect of flexibility is in this type of systems. Intuitively one may
claim that rigid enough filaments will be reluctant to adjust their shape in order to bind
whereas infinitely flexible filaments will adopt a uniform spacing in the bulk in order to
maximize binding. But it is not clear how the system mediates the competition between
these energy scales and what are the resultant geometries away from either of these limits.
Grason [18] has developed a theoretical framework for the packing of helical filaments
in the continuum limit, modeling two different types of cohesive interactions under the
assumption of two global ground states for the bundles, precisely along the lines of the
geometric frustration just described. One of these states allows all filaments to have a
uniform shape, whereas the other allows for a uniform spacing between neighbors. Moreover,
his model incorporates the stiffness of the filaments. The model is successful describing bulk
properties of bundles of large number of filaments but fails to illustrate on the importance of
shape of individual filaments and their relative location for bundles of a few members. Here
is where we hope to make a contribution. We want to understand what is the geometry that
governs the self-assembly of curved filaments and whether this geometry may be unique,
that is, we ponder if there is only one optimal way to pack curved filaments.
We are particularly interested in the intricacies of assemblies of a few helical molecules.
Here we take on the task to model how bundles of a few helical filaments pack by proposing a
geometric model which allows us to explicitly compute cohesive interactions. Our goal is to
derive a model which captures the essential characteristics of contact between nearest neigh-
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bors and to understand how sensitive this ‘cohesive contact’ is to the range of interactions,
the shape of the filaments and the compliance of the filaments.
We show that inter-filament cohesion between arbitrarily long helical filaments naturally
selects two generic competing topologies of inter-filament packing. These topologies, which
we refer to as n−ply and n−pack, are distinguished by the principle direction of inter-filament
separation and its alignment (parallel or perpendicular) to the pitch axis. The details of these
packings will be explained in detail in the following sections. Our geometric model contains
three characteristics which are necessary to describe these aggregates. Firstly, how much
binding is present in the bundle given the total number of filaments and their geometries
and relative positions. We refer to this characteristic as ‘amount of contact’. Secondly, in
order to form a bundles filaments must be within range of their neighbors as to coherently
increase binding, therefore packings that optimize the number of neighbors become relevant.
Finally, it is important to understand what is the volume available to the packing. In this
regard one may think that the best answer is the hexagonal arrangement similar to a 2D
crystal, but we will show that this is not the only direction in which packings can grow. We
begin by introducing the geometric model use to compute the interactions and move on to
explain the types of packings considered followed by numerical results.
3.2 Model for packing helical filaments
We now introduce the geometric model that describes the helical filaments in the packing.
They consist of a helical centerline, Rc(z) = R cos(Ωz) xˆ+R sin(Ωz) yˆ + z zˆ, where R and
P = 2pi/Ω1 are the radius and pitch of the helix, respectively. Changes in R and Ω span the
family of curves of constant helical shape from straight lines, when Ω→ 0, to circles, when
Ω → ∞. Throughout this study we will assume the same handiness for all the helices and
1Ω is the rate of twist of the curve. See for instance [16,50]
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without loss of generality we will restrict our analysis to cases where Ω > 0. The filaments
are assumed to have a diameter D, and for the case of slender rods we assume that the
length of filaments is much larger than the diameter of the tubes [72]. The details of how
the diameter is incorporated in our model will be explained in the following subsection.
The position vector of the helical centerline is given by
Rh(z, r) = Rc(z) + r, (3.1)
where r = rxxˆ+ ryyˆ+ rzzˆ locates the center of symmetry
2 of the helical line with respect to
the origin of the coordinate system. The closest distance between two centerlines, labeled i
and j, located at ri and rj, respectively, is ∆
⊥
ij = minzj ∆(zi, zj, ri, rj), where ∆(zi, zj, ri, rj) =
|Rh(zi, ri) − Rh(zj, rj)|. This distance is a non-linear function of the shape of the helices
and, depending on location and relative orientation, may have one or multiple local minima.
Characterizing its behavior is paramount to understanding the connection between mechanics
and geometry and the role they play in how curved filaments come into contact, and by
extension, how they pack. It is important to note that in general ∆⊥ij 6= ∆⊥ji. This comes from
the fact that the notion of closest distance is very sensitive to the relationship between the
entity/object measuring distances, the measurer, its frame of reference, and the entity/object
being measured and how its location and orientation in space is perceived from the point of
view of the measurer. Let ∆⊥ij ≡ ∆⊥ij∆ˆ⊥ij be the closest distance vector, with ∆ˆ⊥ij a unit vector
associated with ∆⊥ij, measured by helix i with respect to helix j. This vector connects two
special points, one at each helix, for which the line joining them corresponds to the closest
distance between the centerlines. Since helix i is measuring the distance, the closest distance
2Here the center of symmetry is considered with respect to the helical axis, which extends along the zˆ
direction. We may also associate this point with the center of mass of the helix, assuming a uniform mass
density.
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vector must be perpendicular at the point of contact with helix j, thus ∆⊥ij ·Tˆj = 0, where Tˆj
is the tangent of helix j at that point. However this construction poses no restriction in the
relative orientation of vectors ∆⊥ij and Tˆi, in particular they need not to be perpendicular.
In fact, only if Tˆi is relatively parallel to Tˆj [87] then ∆
⊥
ij = ∆
⊥
ji, and the closest distance
will be symmetric. Such cases are special, for example the so called isometric or developable
states [18,46], where all helical filaments in a bundle have the same shape and therefore share
the same tangent vectors1. In this study we will also consider other types of configurations
for which the closest distance is not a symmetric function.
We now introduce the model for cohesive binding and cost of mechanical deformation,
and the packing motifs in which this study is based. Our goal is to use a simple description to
elucidate the importance of geometric features such as shape and shortest distances between
neighboring filaments, in understanding how close contact determines binding.
3.2.1 Segment-wise cohesive model
We consider pair-wise Lennard-Jones (LJ) interactions between helical lines, of the form,
ULJ(rij) =


[(
σ
rij−D+σ
)12
− 2
(
σ
rij−D+σ
)6]
, rij > D − σ
∞, rij ≤ D − σ
(3.2)
where rij is the distance between points on the centerlines, D is the separation at which the
potential is at its (global) minimum,  is the depth of the potential at its minimum and has
units of energy/length, and σ is the range of attraction and gives a measure of the width of the
attractive well of the potential2. This potential considers the interaction between a segment
1Moreover, all filaments in an isomorphic packing share the same Frenet frame.
2In our model we do not consider self-interactions between helical filaments.
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of filament i with filament j and we simplify our analysis by only considering contributions
from the closest distances between helical lines, effectively evaluating the potential when rij =
∆⊥ij. Eq. (3.2) is a convenient parametrization we use to describe interactions comprising a
short range repulsion, provided by the r−12 term, and a long range attraction term, given by
the r−6 term.
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Figure 3.1. Halos in the Lennard Jones potential. Lennard-Jones potential used in the
cohesive model for D = 1 showing the cohesive ‘halo’ of range σ in light purple. (a) Small
range of cohesive binding which results in a barely noticeable halo. The value used in the
plot is σ = 0.3. (b) Large range of cohesive binding, with a halo of attraction bigger than
the radius of the filament. In this plot the value of σ = 3.0.
Fig. 3.1 shows a schematic of the potential for two limiting values of σ/D. As σ/D
increases, the features of the potential transition from a very sharp and narrow well, to a
wide and smooth well with a tail that extends with increasing separation. The potential
provides a ‘hard wall’ behavior which can be easily understood in the limit of minimal range
of attraction, σ/D  1. In this limit the only separation at which there will be any cohesive
binding is D, and this binding will be maximum. If the centerlines’ separation is smaller
than D, they will experience a strong repulsive force, and if their separation is larger than D
then there will be no force at all since the potential is zero. Thus, we can think of the helical
centerlines as having an isotropic hard core that extends a distance D/2 in every direction,
53
effectively making them helical tubes of diameter D, exerting a strong attractive force only if
their surfaces are in contact, which in turn prevents interpenetrations, and not interacting at
all otherwise. We colloquially refer to this limiting behavior of cohesive binding as the sticky
regime [50], because the tubes behave as if they were coated with glue and only attract,
albeit strongly, when touching. It is in this sense that the model attributes a diameter to the
helical lines that effectively behaves as a hard core. Beyond this hard core there is an extra
region of attraction which extends from the surface of the tubes over a range ∼ σ and can
be thought of as a ‘halo’ of interaction that surrounds the helical tubes. Overlaps between
these regions will further increase the binding energy as the range of attraction increases,
becoming most prominent when σ/D ≥ 1.
In order to compute the total cohesive binding energy per helical pair we minimize over
the separation between centerlines at a fixed relative position, say ri and rj respectively
where we have effectively assume rij = ∆
⊥
ij, and then integrate all contributions along the
helical centerline, mainly,
U ijC =
1
2
∫ [
ULJ(∆
⊥
ij(si))dsi + ULJ(∆
⊥
ji(sj))dsj
]
, (3.3)
where s is the arc length of the helical centerline3. It is important to note that U ijC = U
ji
C .
The relevant length over which the interaction is measured is the arc length of the centerline,
which has a simple relationship with the parametrization used in eq. (3.1). Using the the
fact that |∂sRc| = |∂zRc dz/ds| = 1, one finds that ds = dz/
√
1 + (RΩ)2.
3.2.2 Mechanical cost of deformation
In this study we are considering packings of filaments that are intrinsically curved, that
is, they are assumed to have a stress-free configuration determined by a radius, R0 6= 0, and
3It is important to note that the arc length is that of the measurer.
54
pitch, P0 = 2pi/Ω0. These changes can be described in terms of the (preferred) curvature and
torsion of the helical centerline4 which can be easily related to the preferred radius and pitch
via κ0 = Ω
2
0R0/(1+(Ω0R0)
2) and τ0 = Ω0/(1+(Ω0R0)
2), respectively. The curvature/torsion
is the rate at which the centerline’s normal vector is changing with respect to the arc length
along the tangent/binormal directions, or more explicitly,
∂sT = κN; ∂sN = −κT + τB; ∂sB = τN, (3.4)
where {T,N,B} are the tangent, normal and binormal vectors, respectively, and form an
orthonormal basis known as the Frenet frame. The generic form of the elastic energy for
rods is
UR =
1
2
∫ [
EI(1)(κ(1)(s))2 + EI(2)(κ(2)(s))2 + µJ(τ¯(s))2
]
ds, (3.5)
where E is the Young’s modulus, µ is one of the Lame´ coefficients, I(i) is the principal
moment of inertia in the ith direction, J is the moment of twist, κ(i) is the curvature in
the ith direction and τ¯ is the twist [22, 23]. In the case of helical filaments eq. (3.5) takes
on a simpler form by assuming that one the principal directions of the material frame is
perpendicular to the helical axis. In this case the elastic theory quantifies deviations from
the preferred shape to be proportional to stiffness coefficients, that are material dependent,
but also to increase quadratically with the curvature and torsion, mainly,
U iB =
1
2
∫ P
0
[
Cκ(κ(s)− κ0)2 + Cτ (τ(s)− τ0)2
]
ds, (3.6)
where Cκ and Cτ are the bending and torsional stiffness, with units of energy·length, κ(s)
and τ(s) the curvature and torsion of the helical filament which in general may vary along
4For historical reasons this is the preferred nomenclature used to describe the bending and torsional
energy of rods [22].
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the arc length and i is the label of the helical filament in the packing. Eq. (3.6) holds true
up to linear order in the strains.
3.2.3 Total energy of the packing
Just considering the two energetic contributions previously described allows us to define
an energy functional, U ijT , that describes cohesive interaction among deformable helical pairs:
U ijT = U
ij
C +U
i
B+U
j
B. The ground state of this functional is that which minimizes all pair-wise
interactions as well as possible deformation costs keeping in mind that both contributions
may be antagonistic. The deformation term, eq. (3.6), is at a minimum when the shapes
of all filaments are identical and equal to the stress-free prescribed shape (κ0, τ0), whereas
the cohesive term, eq. (3.3), is at a maximum when the spacing between neighboring helical
filaments is ∆⊥ij. From a purely geometric standpoint, in general, these two conditions cannot
be satisfied simultaneously for an arbitrary prescribed shape. Simply put, changes in shape
that significantly improve the cohesive binding may incur large mechanical deformation cost,
or vice versa, making those particular states inaccessible.
If we assume a packing configuration that consists of N helical filaments, then its total
energy given by,
UT =
N∑
i,j=1
j>i
U ijC +
N∑
k=1
UkB, (3.7)
and optimal packings would correspond to minima of all possible pair-wise interactions and
all individual filament deformations. The phase space for this energy functional is vast and
spans a four-dimensional space, described by dimensionless parameters σ¯ ≡ σ/D, P¯ ≡ P/D,
R¯ ≡ R/D and f = Cκκ20/. σ¯ provides a measure of how sensitive the optimal packings are
to the range of cohesive attraction. This is known as “ductility” of interactions. Finally,
parameter f provides a measure of the cost of bending (or twisting) relative to the cohesive
gain of binding. Intuitively, a high value of f will prevent shape deformation away from
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a preferred helical shape and a low value of f will allow large shape deformations in the
filaments resulting in ideal inter-filament spacing, ∆⊥ij, maximizing cohesive gain. The former
is known as an isomorphic state whereas the latter is referred to as an isometric state [18].
3.2.4 Competing packing topologies for rigid helices
We will now show, when considering packings with a few number of rigid helical filaments,
that there are only two relevant stable geometric arrangements, or types of packings, that
need to be considered. For the purposes of illustration we will assume in this subsection
the packing consists of identical helical tubes that are infinitely rigid (f  1 regime) and
therefore have the same preferred shape, hence U iB = 0, where i denotes any filament in the
packing. The question to address is what are the possible packing motifs that minimize the
interaction term U ijC ?
3.2.4.1 Energy map for a pair of cohesively interacting helical filaments.
In order to understand why there are only two possible packings for rigid filaments
we explore the energy landscape of two interacting helical filaments. We considered the
following parametrization. Let Rh(z1, r1 = 0) and Rh(z2, r2) describe two helices according
to eq. (3.1), with r2 = Λ(0, cosψ, sinψ) and Rc(z1) = Rc(z2). Then define Rh(z2, r2) −
Rh(z1, r1) ≡ Λ = ΛΛˆ, where Λ is the separation between the helical centerlines and Λˆ =
(0, cosψ, sinψ) is a unit vector on the yz-plane which locates the second helix relative to the
position of the first one. We refer to Λ as the packing vector and is shown in Fig. 3.2(a). This
construction allows to ‘move’ helix 2 from being on the side of helix 1 to being completely
on top of helix 1, as the angle ψ goes from 0 to pi/2. We minimize the cohesive energy of
this configuration and explore the phase space spanned by {Λ, ψ}, as shown in Fig. 3.2(b).
There are two distinct features that are important to highlight: (i) There are two local
minima, colored in blue in the figure, each corresponding to a specific packing motif, with the
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Figure 3.2. Cohesive energy map for two-filaments. The figure shows the energy landscape
for P/D = 30, R/D = 5 and σ/D = 1. (a) Representation of the parametrization used
to compute the energy in terms of separation Λ and angle ψ. (b) Cohesive energy map for
the helical pair as a function of Λ/D and ψ. The energy bar corresponds to the cohesive
energy in dimensional units (=1). The red region represents an infinite energy. The insets
on the sides show the minimal states, a 2−pack (left) and a 2−ply (right) packings with the
direction of the packing vector Λˆ in blue.
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global minima corresponding to ψ = pi/2. The other minima is located at ψ = 0. The global
minima repeats with periodicity P0 along a line of constant pitch which is a signature of the
periodicity of the filaments along the pitch (packing) direction; (ii) the energy is shown to
diverge between the two minima (shown in the figure in dark red). This is a consequence
of the interpenetration between the helices, which is forbidden in our model. We refer to
the minima located at ψ = 0 as a 2−pack and it corresponds to helices that are stacked
side-to-side. The minima at ψ = pi/2 is known as a 2−ply.
3.2.4.2 N−plies.
Consider two helices, with negligible range of cohesive binding, σ/D  1, of radius R0
and pitch P0, such that is possible to screw one helix into the other along the direction of their
helical axis5 (in this case the z-direction). We colloquially think of this state as a ‘vertically-
stacked’ configuration, since the direction in which an extra filament may be added to the
packing lies along the helical axis, which in our reference frame corresponds to the vertical
orientation, see Fig. 3.3. Similar configurations have been introduced in the literature as
N−plies [47], with N indicating the number of filaments in the packing, and where the
mechanics of such packings have been extensively studied. This construction corresponds to
the minima found in Fig. 3.2 when ψ = pi/2. It is straight forward to generalize this process
for more than two filaments by continuing screwing the next filament along the packing
direction. The process of screwing the helices into this configuration requires overcoming
large energy barriers which is not the focus of this study.
This packing motif has an unparalleled feature as it admits optimal separation between
the helices along their entire arc length, permitting maximum binding since the filament
spacing can adjust to be the minimum of the potential given by eq. (3.2), which in this regime
5The helical axis is along the direction of the pitch of the helix.
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Figure 3.3. Basic packing motifs (a) 2−ply and (b) 2−pack. Notice how the pink filament
maintains contact along the arc length with the orange filament in (a). Conversely, in (b),
the orange filament only makes contact with the pink filament at a finite number of points.
corresponds to a centerline-centerline separation D, or equivalently, having the surfaces of
helical tubes touching. A similar version of this geometry, defined as a close-packed helix,
has been introduced in the literature [48, 49]. In particular, the closest distance between
nearest neighboring filaments is the same for any point along the helical centerline, that
is, ∆⊥ij is always the same vector. Due to this remarkable feature we (loosely) associate
N−plies as having perfect contact. However this arrangement has some drawbacks which
become more pronounced as the number of filaments in the packing increases: (i) since the
packing direction is along the helical axis the packing space6 is unidimensional, constrained
and periodic, characteristics inherited from the periodicity of the helical pitch P0, which
limits the number of filaments in the packing. In fact, in this packing, for a pitch P , there
can only be at most bP/Dc filaments; (ii) only consecutive neighbors will have optimal
separation, thus, an N -ply will have at most N − 1 filaments with perfect contact and all
6We define packing space as the volume available for the packing to add extra filaments. In this case the
only available volume is determined by the space in between the pitch of the helices, which lies along the
z-axis, in the vertical orientation.
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other pair-wise interactions of cohesive binding, if they exist, will be drastically weaker; and
(iii) the maximum number of nearest neighbors per filament is at most two.
3.2.4.3 N−packs.
We now consider the second minima found in Fig 3.2 (at ψ = 0). This configuration
corresponds to two (unbound) helical filaments sitting next to side by side, say along the
y-direction as depicted in Fig. 3.3. We further assume that the center of masses of the helices
share the same (x, z) coordinates. In contrast to the N−ply, under this arrangement the
surfaces of the helical filaments come into contact at a finite number of points. Along their
length, there will be finite (and usually small) regions of contact followed by gaps where the
helical tubes are not touching. How these regions are distributed along the filament varies
with the shape and the direction in which the filaments are brought into contact. These
regions of contact contribute strongly to the cohesive binding but due to the larger gaps of
contact between neighboring regions of the surface of the filaments, which are not at the
appropriate separation to produce significant binding, the net additive effect of this config-
uration is that of a weakly interacting helical pair. Nevertheless there are some advantages
in this packing motif which become more notorious as the number of filaments in the pack-
ing increases: (i) the packing space is unconstrained and can extend laterally, admitting a
hexagonal arrangement [18]; (ii) by extension, the number of neighboring filaments follows
that of a hexagonal lattice and is not limited to only two in contrast to the N -ply; (iii) as
the range of interaction becomes large enough, beyond a certain threshold, the binding will
increase considerably making the N -pack a comparable, stable ground state with respect
to the N -ply. Moreover, as we will show in sec. 3.3, the N−packs are shown to be stable
configurations in all different geometries considered, in juxtaposition with the N -ply, which
is not stable if bP/Dc ≤ N .
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3.3 Results
In this section we present a numerical study of the packing of helical filaments based on
the cohesive model and packing motifs described in sec. 3.2. We begin with the analysis of
the packing of rigid filaments by comparing the relative stability of N−plies vs. N−packs,
considering changes in shape, range of cohesive binding and number of filaments in the
assembly. Out goal is to understand which set of conditions favor each packing and to
look for transitions between them, if any. We find an overall general trend, a dominance of
N−packs, in the stability of packing helical tubes, which is shown in several energy maps,
described in depth in what follows.
We begin with the packing of rigid helical filaments, (f  1 regime), in either an
N−pack or N−ply configuration. The helical tubes are assumed to have the same shape7
determined by a radius R and pitch P , and follow either a hexagonal arrangement, in the
case of N−packs, or a unidimensional vertical stacking, in the case of the N−plies. Stable
ground states are found by numerically minimizing the total energy, which effectively equates
to minimizing the cohesive energy of binding, eq. (3.3).
Fig. 3.4 shows the cohesive energy in dimensionless units ( = 1) of a 2−ply and a
2−pack as a function of shape, P¯ , and range of cohesive binding, σ¯, for a fixed radius,
R¯ = 5. Notice that the 2−ply always has roughly the same energy except at the red
region. This subtle feature will be explained in detail in Fig. 3.5. Conversely, the 2−pack
has a continuously varying energy that increases with range of cohesion and pitch. When
combining these two results we obtain a energy map for N = 2 filaments, shown in Fig. 3.5.
This figure corresponds to the energy difference for stable ground states between N−plies
and N−packs, ∆EN = EN−ply − EN−pack. The dashed lines correspond to the boundaries
that arise between the packings, which will be explain in what follows.
7Therefore they belong to the class of isomorphic assemblies.
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Figure 3.4. Energy of a 2−ply and a 2−pack. Cohesive energy for N = 2, (a) for a 2−ply
(b) for a 2−pack and (c) the difference between them, ∆E2 = E2−ply − E2−pack. The bar
scale shows the dimensionless cohesive energy for each packing.
Recall that since N−plies are able to maintain optimal separation between nearest neigh-
bors, the binding energy is ∼ −(N − 1), which is a result of having N − 1 perfect contacts
in the assembly. The packs instead will generally have a much lower cohesive binding,
which increases with increasing range of binding. The color gradient, as shown in the bar
scale in Fig. 3.5, shows the regions where either packing may be more dominant or where
they may be comparable to each other. Blue-colored regions indicate that N−plies are the
stable, global ground state. Red-colored regions indicate a dominance of the N−packs as
stable, global ground states. Finally, the green-colored regions, indicate that both packings
are energetically comparable and both are stable ground state packings, usually with the
N−packs having lower binding energy and overall, a higher energy. With the exception of
Fig. 3.4(b), which describes the cohesive energy of a 2−pack and not the energy difference
between packings, all figures in this chapter follow the color scheme described above.
It is possible to understand the transitions observed in the energy map which we illus-
trate by focusing on the underlying geometry of a 2−ply and tracking how it changes as the
pitch decreases at a fixed range of cohesive binding, σ¯ = 0.5 (see accompanying diagrams in
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Fig. 3.5, labeled (a)-(d)). For this range of cohesive binding at very large pitches, P¯ ≥ 10, the
2−ply is the global ground state and its configuration corresponds to two helical filaments,
vertically stacked, with their surfaces touching as depicted in Fig. 3.3. The interaction halos,
which are an schematic representation of the effective range of attraction, are overlapping
between the purple and orange helices, which marginally adds a small contribution to the
cohesive binding energy. From the point of view of the orange helical tube, all cohesive
interactions take place with regions of the helical filament above it. As the pitch gradually
decreases, the filaments are able to keep this arrangement and a binding energy gain of
∼ /filament, until the vertical spacing between the helices causes the halos to begin inter-
acting which each other both above and below the orange filament, as depicted in diagram
Fig. 3.5(a).
Further reduction of the pitch causes a larger overlap between the interacting halos, as
depicted in Fig. 3.5(b), which begins to considerably add to the binding energy of the helical
pair, exceeding the typical value of ∼ /filament. Notice the reduction in spacing between the
orange helix and the section of the purple helix below it. Eventually the vertical separation
between the helices is such that the orange helix makes (perfect) contact both above and
below with the purple helix, acquiring an extra line of contact along the entire length and
adding an extra /filament of binding energy. A detailed study of this arrangement has
been done in the limit of non-interacting helices [48]. In this region the binding between
the helices is ∼ 2/filament and is referred to as the commensurate band, shown in dark
purple color in the energy map (Fig. 3.5 with corresponding diagram Fig. 3.5(c)). This
band of enhanced binding is generic for any N−ply configuration, and it takes place in
the vicinity of critical pitch P¯c = N . If the pitch is reduced beyond this critical band, it
causes inter-penetration between the hard cores of the helical tubes, which carries an infinite
energy penalty in our model, thus rendering the N−ply unstable. For any pitch below this
critical point, P¯ < N , the only stable possible ground state is an N−pack, whose minimized
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Figure 3.5. Energy map for N = 2. The diagrams show the geometry of the stable
ground states for the 2−ply as P/D decreases, diagrams (a), (b) and (c), and the stable
ground state for the 2−pack, diagram (d) (left figure). Also shown is the unstable 2−ply
that corresponds to the region in (d) (right figure). Notice that in this configuration the
filaments are interpenetrating. The bar scales shows the energy difference between the types
of packings in dimensionless units.
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ground state configuration is shown in Fig. 3.5(d) and is the only realizable packing in the
red regions.
The energy map presents three distinct regions of interest: (i) an upper region, usually
P¯  N , with color gradients from blue to red, corresponding to an increasing range of
cohesive binding; (ii) a lower region, below P¯ < N , with dominant red regions signaling the
absence of N−plies; (iii) a sharp bright purple band, around P¯ ∼ N , which widens with
increasing σ¯ and corresponds to the commensurate region and denotes the addition of an
extra contact in the N−ply configuration, which makes it the best packing candidate. Some
examples of this band are shown in Fig. 3.6.
This overall trend in the packing behavior is shown to be generic, at least for the small
number of filaments considered in our numerical analysis N ≤ 19. As a function of filament
number, for the same range of cohesive binding and changes in helical shape there is a
family of energy maps, shown in the collage of Fig. 3.6 for various N . As the number of
helical filaments increases the regions of N−packs dominance (red regions) broaden. We will
address in sec. 3.4 the details of how the geometry of this packing motif combined with the
amount of cohesive contact available, account for this tendency.
Finally, each packing is found to be stable within certain regions of the phase space and
the transitions between them are shown in Fig. 3.7 as function of number of filaments.
3.4 Discussion
When considering the packing of rigid filaments we have found two basic packing motifs
that govern the self-assembly of small number of filaments. Our study shows that generically
the N−packs are the dominant stable packing as the number of filaments or the cohesive
range increases. By means of geometric arguments we now address why this is the case, by
introducing the notion of contact balance. We explain what we mean in two steps. Fig. 3.8
shows the fraction of contact, φ, between two filaments as a function of cohesive range. This
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Figure 3.6. Energy map for various N . Energy map showing ∆EN , in dimensionless units,
for rigid filaments for increasing N : (a) N = 2; (b) N = 3; (c) N = 4; (d) N = 5. Notice the
increasing dominance of N−packs as the stable ground state, depicted by the red regions.
The lower red band, which increases linearly with N , corresponds to the region where the
N−plies are unstable. The dashed lines correspond to the boundaries where the packing
motifs have negligible binding.
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Figure 3.7. Region of stability for N−packs and N−plies as a function of filament number
N for P/D = 25. The packs are stable packings above the critical line (red dots).
fraction is found by calculating the segments of the filaments that fall within a distance
σ +D of each other, mainly,
φ = sin−1

√√√√( P
2piR
)2((
σ +D
D
)2
− 1
) /2pi. (3.8)
The fraction of contact increases monotonically with the range of binding. As this range
becomes large enough, the N−packs manage to interact along their entire length, just as
the N−plies. This can be observed by following how the white gaps in between the helices
in Fig. 3.8 reduce as the halos increase in size, which we use as a representation of the range
of contact. This effectively means that if the range is long enough, the interaction between
N−plies and N−packs may be comparable. A full derivation is shown in appendix 3.6 .
However the N−packs present an advantage when it comes to the number of neighbors
that contribute to cohesive binding. In this case, due to their ability to pack hexagonally as
opposed to only along the helical axis, like in the case of the plies, the N−packs gain even
more cohesive contact. If we define Z as the number of contacts in the packing, then the
amount of contact between the two motifs is comparable when Zply = Zpackφ. For example
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when N = 7, Zply = 6, Zpack = 12 and the fraction of contact needed for the packings to
compete, that is their contact balance, is φ = 6/12 = 0.5. For any φ greater than this value
the N−packs will be the dominant ground state.
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Figure 3.8. Contact balance for 2−packs. Measure of cohesive contact for 2−packs with
P/D = 8.35. (a) The fraction of contact for the 2−pack as a function of cohesive range σ/D.
The lower figures show the corresponding filament pairs at a particular value of cohesive range
and the fraction of contact: (b) σ = 0.1, φ = 0.2; (c) σ = 0.5, φ = 0.47; (d) σ = 0.7, φ = 0.59
and (e) σ = 1.4, φ = 0.97. The red lines indicate the regions where the filament pair are in
contact.
3.5 Conclusions
We have studied the self-assembly of a few helical filaments and found two basic packing
motifs. In the rigid regime, the competition between these states generically favors one of
them, the N−packs, as filament number and range of binding increases and for a wide range
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of helical shapes. The ability to adopt a hexagonal packing provides the assembly with
abundant cohesive contacts, which combined with the fact that the interaction takes place
along the entire length of the filaments, increases the binding energy drastically making it
the dominant ground state.
3.6 Appendix: Contact balance between N−packs
In this appendix, we provide details on the derivation of the contact fraction in N−packs
depicted in Fig. 3.8. We compute this fraction by estimating the amount of arc length of
the filaments centerlines which lies within the cohesive interaction range, given by σ + αD,
where α is a constant. We begin by finding the in-plane separation between centerlines and
parametrizing this distance with respect to the range σ and the helical shape, R and P .
In this context in-plane refers to a plane perpendicular to the helical axis (which lies along
the z−axis). Let |∆| be the in-plane separation between two helical centerlines and their
respective tangent vectors, Tˆi and Tˆj. We will consider as reference filament i and compute
all quantities in terms of filament j. Each tangent vector has a orthonormal decomposition
along, and perpendicular to, the in-plane direction of the form: Tˆj = T||Tˆ|| + T⊥Tˆ⊥, where
||(⊥) denotes a parallel(perpendicular) orientation with respect to ∆. The closest distance
between the centerlines is of course out of plane, ∆⊥ = ∆ − (∆ˆ · Tˆ||)Tˆ|| so that ∆2⊥ =
∆2 − (∆ˆ · Tˆ||)2. The orientation of the tangent winds around with periodicity P , the pitch
of the filament. This geometric fact allows us to describe the component of the tangent
along the in-plane direction in terms of their shape and the out of plane height z, mainly,
∆ˆ · Tˆ|| = ∆(2piR/
√
P 2 + (2piR)2) cos β, where β = 2piz/P . Hence, as a function of shape
and height the closest distance becomes,
∆2⊥ = ∆
2 − (∆ˆ · Tˆ||)2 = ∆2
(
1− (2piR)
2
P 2 + (2piR)2
cos2 β
)
(3.9)
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Now we will use some geometry to write the relevant quantities in a convenient manner.
Notice that ∆2⊥ is at a minimum when β = npi, where n is an integer. In this case ∆
2
⊥(β =
npi) = ∆2P 2/(P 2+(2piR)2). However the closest distance possible is ∆⊥ = D, which happens
when the surfaces of the filaments are in contact, thus, we can write the in-plane distance
as a function of the shape of the filaments at this extremum,
∆2 = D2(P 2 + (2piR)2)/P 2. (3.10)
The maximum range of cohesive binding corresponds to the centerlines separated a dis-
tance σ + αD. We now use eq. (3.9) to solve for the amount of winding (β) of the tangent
vector that corresponds to this range, mainly
∆2⊥ = (σ + αD)
2 = ∆2
(
1− (2piR)
2
P 2 + (2piR)2
cos2 β
)
, (3.11)
from which, combined with eq. (3.10), we obtain,
sin2 β = 1− cos2 β =
(
P
2piR
)2((
σ + αD
D
2)
− 1
)
. (3.12)
The fraction of contact for the packs is then define as φ ≡ β/2pi and is valid for any
α > 0. Our choice is α = 1, which leads to eq. (3.8).
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CHAPTER 4
ORIENTATIONAL DEPENDENCE IN THE SELF-ASSEMBLY
OF CURVED FILAMENTS
4.1 Introduction
Bundles of biopolymers are fascinating systems, shown to be essential in various processes
occurring in nature across different length scales: from the microscopic level, where they
are used as building blocks of the cytoskeleton or as means for cellular transport, to the
macroscopic scale, where their aggregates aid tissue connectivity and provide rigidity and
structure. Particular interest has been drawn towards bacterial flagella [13,27,38–41,88–91],
perhaps the most common example of helical filaments encountered in nature. These elastic
filaments are usually helical and facilitate locomotion, for instance in mammalian sperm cells
or in bacteria. In Salmonella, they are known to form twisted bundles and undergo synchronic
rotations [88, 89]. The structure of bacterial flagella and the mechanism responsible for cell
motility has been studied in detail [27, 88, 89]. A remarkable feature of the structure of
bacterial flagella is its polymorphism, that is, the ability to change the shape of a stable
state depending on external conditions, such as pH, temperature, genetics, external fields or
mechanical forces. Calladine introduced a model to describe the polymorphic transformation
for single bacterial flagella filaments [38–40]. Powers et al. [13], Wada et al. [91] and Calladine
et al. [90] developed models to understand the triggering mechanism of the polymorphic
transformation. How polymorphism may affect bundle formation in flagella is still an open
question which we begin to investigate in some detail.
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Grason [15] studied bundle formation of hexagonally packed chiral filament using contin-
uum elastic theory of rods. He showed that chiral filaments adjust their shape by bending
and twisting in order to adopt an optimal isometric packing at the cross section of the bun-
dle. Hence, aggregates of intrinsically curved filaments have an inherent frustration which, in
general, forces a compromise in either shape or inter-filament spacing in order to reach ther-
modynamically stable states. His analysis did not consider particular interactions between
chiral filaments. Bundles of bacterial flagella become an ideal system to expand Grason’s
analysis and further inquire how this frustration would manifest.
We have studied the packing of curved filaments and its dependence on shape, range of
interaction and shape variation. We have shown in chapter 3 that shape and geometry drive
self-assembly processes of curved filaments. However, neither of the referenced studies has
considered the importance of orientation in bundle formation. This is the topic that pertains
the present chapter.
We study the self-assembly of helical filament pairs using elasticity theory. We are in-
terested in understanding how polymorphism affects bundle formation, in particular, what
is the orientational dependence of cohesive interactions. For that we present a geometric
model that incorporates this feature, which we expect to be required for bundle formation of
curved filaments, and consists of three main components: an optimal inter-filament spacing,
a preference for a local orientation, and a prescribed shape. We calculate a phase diagram
of helical pair configurations and predict the experimental conditions at which they could
be observed.
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4.2 Geometric Model for the Self-assembly of Helical Filaments
Pairs
Bundle formation of helical filament pairs is described by a two-filament model that
captures the nature of the cohesive interactions between the filaments in terms of parameters
that depend on the local geometry of the bundle. The filaments, denoted by subscripts +
and - respectively, are parametrized in terms of an auxiliary helix, referred to as the contact
line. The position R(s) of the contact line, as well as its shape (curvature κ and torsion τ),
are known functions of the arc length s. The position of either of the +/- filaments is found
by the relation
R±(s) = R(s)±∆(s) (4.1)
where ∆ = |∆| is the distance between the contact line and either of the filaments at a
position given by the arc length s:
∆(s) = ∆(cosφ Nˆ + sinφ ˆ`) = ∆(cosφ Nˆ + sinφ cosψ Bˆ− sinφ sinψ Tˆ), (4.2)
and {Tˆ, Nˆ, Bˆ} refer to the Frene´t frame of the contact line. With this construction we are
able to describe all relevant variables of either filaments in terms of known parameters of the
contact line and the variable ∆. For instance, using Eqs. (4.1) and (4.2), it is possible to
find the local Frenet frame of the filaments, denoted {Tˆ±, Nˆ±, Bˆ±} as well as their curvature
κ± and the torsion τ±.
The energy of the two-filament bundle is described by
E =
K1
2
∫
ds(∆2⊥ −∆20)2 +
C
2
∑
+,−
∫
ds±
{
(κ± − κ0)2 + (τ± − τ0)2
}
+
K2
2
∫
ds(Tˆ+ × Tˆ−)2 − 
∫
ds (4.3)
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where K1, K2, C and  are coupling constants to be determined, and the integrals are
evaluated along the contact line of length `. In order to carry out the integrals all expressions
are approximated to the leading order in dimensionless parameter τ∆ (or κ∆).
4.2.1 Cohesion Energy
The first term of Eq.(4.3) is referred to as the cohesion term,
EA =
K1
2
∫
ds(∆2⊥ −∆20)2 (4.4)
where
∆⊥ = ∆− (∆ · Tˆ)Tˆ = ∆(cosφNˆ + sinφ cosψBˆ). (4.5)
This term describes the energetic cost incurred by the filaments when they deviate from
the preferred inter-filament spacing, in this case represented by the distance with respect to
the contact line ∆0. The quantity ∆⊥ is the distance of closest approach and corresponds
to the shortest distance between the filaments and the contact line at the arc length s. It
is the projection of the vector ∆ perpendicular to the tangent vector of the contact line.
This energy is minimized when the distance of closest approach is ∆0, in which case the
filaments are considered to be in an isometric state. The coupling constant K1 associated
with this extra cost has units of energy/length5 and its strength depends on the nature of
the interactions.
4.2.2 Mechanical Energy
The energy cost for having the filaments deviate from the preferred shape of the contact
line, a helix with curvature κ0 and torsion τ0, following the derivation described in sec. 3.2.2
is given by
EM =
C
2
∑
+,−
∫
ds±
{
(κ± − κ0)2 + (τ± − τ0)2
}
. (4.6)
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This energy is minimum when the shape of the +/- filaments is the same as that of the contact
line and such state is referred to as an isomorphic configuration. This term is referred to as
the mechanical energy and describes the cost of twisting and bending produced by changes
in shape of either filament. The bending stiffness C, is the bending and twisting stiffness of
flagella, which is assumed the same in this case for simplicity1.
4.2.3 Relatively Parallel Energy
The third term in Eq.(4.3) is referred to as the relatively parallel energy:
ERP =
K2
2
∫
ds(Tˆ+ × Tˆ−)2. (4.7)
The inter-filament skew defined above is the novelty in this model. This term captures the
dependence of interactions on orientation motivated by a non-zero skew coefficient found in
chapter 2 for OCES interactions, Fig. 2.11. Cohesive interactions driving helical bundles
tend to maximize contact at a local level between the filaments. One way to achieve this
is by having the intrinsically curved filaments be locally parallel. In other words, there is a
preferred (local) orientation driving the aggregation. Eq.(4.7) describes the energetic cost of
the filaments when they deviate from this preferred parallel orientation. We define the angle
between the tangent vectors to be 2θ2. The coupling constant K2 has units of energy/length
and, similarly to K1, its magnitude depends on the nature of the interactions.
4.2.4 Binding Energy
The last term of Eq.(4.3) is the energy  needed to bind straight filaments. In the absence
of twist, this energy is constant along the arc length of the contact line. However, if the
1Values of C have been reported in the literature [41], and for the remainder of this section we assume it
to be C = 3.5 pN µm2 =8.52 ×105 kBT nm.
2In this definition θ is the usual helix angle.
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helices are twisted then the projection of the lengths of the filaments along the contact line
will vary according to ` = L cos θ, modifying the value of the integral. This model assumes
small twist angles therefore we are only concerned with the θ  1 limit. We can think
of bundle formation of helical filaments as the process of binding straight filaments plus
the extra energetic cost for adjusting their shapes, their orientations and the inter-filament
spacing in the ground state configuration.
Now that we have introduced an energy functional for bundle formation, it is important
to note that for intrinsically curved filaments, such as flagella, in general, there are no
simultaneous zero-energy states for Eq.(4.3). This makes the system highly frustrated and
particularly interesting to analyze.
4.3 Interactions and Coupling Constants
Aggregation of helical filament pairs is possible if the cohesive interactions are attractive
in nature. We have already studied two different interaction potentials in chapter 2 and 3
where self-assembly is possible. We consider now only the OCES potential introduced in
section 2.4, and restrict our analysis to the linearized version of the depletion interaction,
in order to keep the problem analytically tractable. Since we are interested in the small
twist limit (θ  1), we provide an analytical expression for the depletion interaction used
to compute our results. We also provide the relationship between the coupling constants of
the energy functional and the cohesive interactions by computing the stiffness response of
quadratic expansions of the potentials.
4.3.1 Depletion Attraction UD
A simple geometric construction allows us to describe the overlap area of the depletion
attraction used in Eq.(2.21). One needs only to consider a cross section cut of Fig. 2.8(b) in
order to obtain an expression for the overlap area ∆A(θ = 0),
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∆A(θ = 0) = 2(a+Rh)
2 cos−1
(
r
2(a+Rh)
)
− r
√
(a+Rh)2 − r
2
4
, (4.8)
where r = 2∆, is the center-to-center distance between helical filaments. The attraction
energy per unit length for straight filaments produced by the the depletion force is then
UD
L
= −kbTc ∆A(θ = 0)
= −kbTφV4
3
piR3h
(
2(a+Rh)
2 cos−1
(
r
2(a+Rh)
)
− r
√
(a+Rh)2 − r
2
4
)
. (4.9)
Since the filaments are not always straight, it is possible to modify the depletion energy for
small twist deformations, by assuming that the circular cross sections become ellipsoidal3.
In this case a simple geometric correction is needed to the energy of depletion, mainly
UD(θ)=UD(θ = 0)/ cos θ.
4.3.2 Coupling Constants
By definition, the coupling  is the energy needed to bind straight filaments, corresponding
to the minimum of the interaction energy U = UDH + UD shown in Fig. 2.8. The distance
4
at which this minimum occurs is r0 = 2∆0. Thus we have,
 = −
(
UDH(θ = 0,∆0) + UD(θ = 0,∆0)
)
, (4.10)
where  > 0 if the filaments are in a bound state.
3This assumption only holds true if the helical deformation is not large, θ  1.
4r is the center-to-center distance between the filaments of radius a.
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The coupling K1 describes the stiffness of the filament pair to deviations from an optimal
inter-filament separation and is given by the curvature of the minimum of the interaction
energy for zero twist:
K1 =
1
4∆20
∂2r
(
UDH(θ = 0,∆0) + UD(θ = 0,∆0)
)
. (4.11)
In a similar manner we can compute the coupling K2, whose stiffness is associated with
the penalty for deviations from the preferred parallel orientation. We compute K2 by finding
the curvature of the interaction energy for small non-zero twist (θ 6= 0) at the minimum,
thus,
K2 =
1
4
∂2θ
(
UDH(θ,∆0) + UD(θ,∆0)
)
. (4.12)
4.4 Results
In order to compute the phase diagram of the system it is convenient to combine the
couplings K2 and  since they are of the same nature. This is simple to observe by doing a
small θ expansion to the energy functional keeping in mind that for non-zero twist we have
` = L cos θ. Keeping terms up to order θ2 we have:
E
L
=
K1
2
(∆2⊥ −∆20)2 cos θ +
C
2
∑
+,−
{
(κ± − κ0)2 + (τ± − τ0)2
}
cos θ
+
K2
2
(sin 2θ)2 cos θ −  cos θ
≈ K1
2
(∆2⊥ −∆20)2 +
C
2
∑
+,−
{
(κ± − κ0)2 + (τ± − τ0)2
}− 
+
(
2K2 +

2
)
θ2 +O(θ4), (4.13)
where all higher order contributions have been collected in the O(θ4) term. By defining a
new coupling, 2K ′2 ≡ 2K2 + /2, it is possible to write the energy in Eq.(4.3) as
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EL
=
K1
2
(∆2⊥ −∆20)2 +
C
2
∑
+,−
{
(κ± − κ0)2 + (τ± − τ0)2
}
+
K ′2
2
(Tˆ+ × Tˆ−)2 − . (4.14)
We optimize separately every term in the energy, with respect to variables ∆, φ and ψ.
We then compute the resulting configuration of this optimized state using the total energy
functional. This procedure results in three phases, given by (in units of energy/length):
F1 = β
−1
(
1
2
K1∆
4
0 − 4
(K ′2)
2κ4
K1
+ 4K ′2κ
2∆20
(
1 + 2
τ 2
κ2
))
(4.15)
F2 = 2K
′
2τ
2∆20 − 2
(K ′2)
2τ 4
K1
(4.16)
F3 =
C
2
∆20κ
2(κ2 + τ 2)− C
2
8K1
κ4(κ2 + τ 2)2, (4.17)
where
β = 8
(
1 +
(τ
κ
)2)2
− 8
(
1 +
(τ
κ
)2)
+ 3.
A representative of each phase is shown in Fig.4.1(a), 4.1(b) and 4.1(c) and all phases assume
the angle ψ in Eq.(4.2) is constant.
Phase F1 is labelled as intercalated stacking and it arises when the filaments are isomor-
phic (same shape) but do not have the same spacing along the arc length. In this case the
angle φ = αs, where α is a constant. The functional F1 of Eq.(4.15) is found by assuming the
mechanical energy term vanishes and averaging the remaining terms in the energy, Eq.(4.3),
over the angle φ.
Phase F2 is referred to as 2-ply stacking. This configuration can be constructed by
vertically stacking isomorphic filaments. This construction guarantees that they have the
same DoCA. Mathematically this phase only differs with the intercalated phase in that now
φ = pi/2, is a constant angle.
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(a) N−pack stacking (b) N−ply stacking (c) relatively parallel stacking
Figure 4.1. Configurations of helical pairs. Typical configurations of the three phases used
in the phase diagram. From left to right the configurations correspond to F1, F2 and F3,
respectively.
Finally, phase F3 is labelled as relatively parallel stacking, as the filaments have the
same DoCA and locally they are parallel along the arc length, but are not isomorphic. The
functional F3 of Eq.(4.15) is found by assuming the relatively parallel term vanishes and
integrating the remaining terms in the energy functional over the arc length.
For the polymorph labelled as ‘normal’, (n=2) [41], we have the phase diagram shown
in Fig.4.2. The accessible regions of the phase diagram are shown with the correspondent
phase. There is a forbidden region that corresponds to a solution when the two-filament
bundle fuses. We show this region for completeness but it is clearly not physical. Polymorphs
with the smallest torsion would be locked in the N−ply phase as this corresponds to the
lowest extra energy cost for bundle formation. For high enough torsion this phase becomes
very expensive energetically and the polymorphs would switch to the intercalated phase.
Similarly, low curvature polymorphs would be locked in the intercalated phase.
We next show the binding threshold concentration and its dependence on polymorphic
number n in Fig.4.3(a) and 4.3(b) for Rh = 5nm at two different screening lengths. This
is the minimum depletant volume fraction (concentration) at which binding takes place and
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N-ply
N-pack
forbidden region
relatively parallel
Figure 4.2. Phase diagram for helical pair bundles. Typical configuration of the three
phases used in the phase diagram for n=2.
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concentrations higher than this critical concentration would correspond to bound states.
Concentrations below this threshold would correspond to unbound states. The binding hap-
pens when the extra energy cost is minimum. The value we assume for ρ = 0.17/nm2 is
based on reported values in the literature describing similar biopolymers such as micro-
tubules. Tang [57] and collaborators report a linear charge density of λ = 4e/nm for a
radius a = 3.5nm. With these values the surface charge density of microtubules comes to be
ρ = λ/2pia ≈ 0.2/nm2.
As can be observed in Fig. 4.3(b), the shape of the filaments determines the binding
phase. The intercalated phase scales as κ4 and the N−ply phase scales as τ 2. It is the
geometry of the filaments the determining factor in the biding phase of the polymorph. We
can see in Fig. 4.4 the scaling of torsion and curvature for the different polymorphic numbers
and conclude that low torsion filaments (n=2-6) would bind into a N−ply stacking whereas
low curvature filaments (n=1, 2, 7-11) would bind into intercalated stacking. The thresh-
old binding concentration is shown to be very sensitive to experimental conditions. Small
changes in screening length, Fig. 4.3(a), causes drastic change in the threshold concentra-
tion. Experimental feedback is needed in order to tune the input of the theoretical model and
predict accurately when binding would occur and in which phase. A somewhat successful
approach has been developed for MTs, in collaboration with the Dogic group at Brandeis
university [37], where the current cohesive model has been used in conjunction with polymer
brush theory to explain measurements of MTs bundles for small number of filaments.
4.4.1 Results for microtubules
Some comparison can be made with microtubules, which are intrinsically straight biopoly-
mers. Measurements performed by Andrew Ward at Brandeis U., estimate the binding energy
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N-ply
N-pack
N-ply(a) Binding concentration for λ = 1.0 nm
N-pack
N-ply
N-ply(b) Binding concentration for λ = 1.6 nm
Figure 4.3. Critical concentration for binding. Critical concentration as a function of
polymorphic number n at which binding will take place between the filaments for Rh = 5nm.
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Figure 4.4. Shape change for different polymorphs. Scaling of torsion and curvature for all
polymorphic numbers.
to be  =35 kbT/µm at a center-to-center separation of r0 = 25.7nm, using the technique
and set up described above5. These are the experimental conditions:
- Radius of the filaments a=12.5 nm.
- Number of charges per unit area ρ=0.032/nm2. This value is based on reported values
in the literature. Minoura [26] reports the linear charge density to be λ = 2.5e/nm,
yielding a surface charge density of microtubules of ρ = λ/2pia ≈ 0.032/nm2.
- Size of depletion halo, Rh=a/2=5.75 nm.
- Volumen fraction of depletant molecules, φV ≈ 0.24. We assume a concentration of
PEG = 10 mg/mL and a MW=20000 g/mol, yielding a volume fraction to be:
5The center-to-center spacing was not measured but calculated using the experimentally found binding
energy.
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c = 10
mg
mL
× 10−3 g
mg
× 1
20000
mol
g
× 6.022 · 1023 part.
mol
× 1
1021
mL
nm3
= 0.0003
part.
nm3
φV = c
4pi
3
R3h = 0.238898. (4.18)
- Screening length, k−1=0.9 nm.
Our theoretical model predicts the total interaction energy, shown in Fig. 4.5. From
this plot we can calculate the binding energy , which corresponds to the minima of the
interaction energy, as well as the center-to-center distance between filaments, r0. The results
obtained with the values listed above are:
- r0= 24.27 nm. The filaments have a surface-to-surface separation of around 1.3 nm.
-  =45.4 kbT/µm. Cohesive energy of microtubules.
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Figure 4.5. Interaction potential for microtubules, for depletant volume fraction φV ≈ 0.24
as a function of center-to-center separation r. In this case the depletant molecule size is
Rh = 5.75 nm, the screening length is λs = 0.9 nm and the filament radius is a = 11.5 nm.
The depth of the minima is the cohesive energy .
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We can also provide theoretical formulas for both the binding energy and the separation
between filaments. If the filaments are considered to be close to each other, we can use
some approximations in interaction energy. Let the surface-to-surface distance be D, then
we have that r = 2∆ = D + 2a. We expect that straight filaments, microns in size, would
have an equilibrium distance of a few nanometers, thus we expect D < a. Furthermore,
from experimental conditions we know that κ−1 < D, therefore to make any approximations
we will we use the limit 0 < κ−1  D < a. Under this limit we can find analytically
the electrostatic interaction energy as well as the cohesive energy  by doing a small angle
expansion in Eq.(??). For the electrostatic repulsion we find,
UDH
L
≈ ρ
2`b4piakbT
κ
√
D(D + 2a)
∫ ∞
0
dz e−κDe−κz
2/2D
=
ρ2`bakbT√
D + 2a
(
2pi
κ
)3/2
e−κD ≈ 2ρ2`b
√
akbT (λspi)
3/2e−κD, (4.19)
where in the last line we have assumed that D  2a.
If we linearize the expression for the depletion energy then we can find an analytic
expression for equilibrium separation distance r0, and the cohesive energy . The depletion
energy in Eq.(4.9) can be linearized around D = 0, hence
UD
L
≈ −kbTφV4
3
piR3h
(
2(a+Rh)
2 cos−1
(
a
a+Rh
)
− 2(a+D)
√
Rh(2a+Rh)
)
.
− 2D
√
Rh(2a+Rh)
)
. (4.20)
The equilibrium distance r0 = 2a+D0 is found by minimizing Eq.(4.19) and (4.20) over
D, which gives
D0 = λs ln
(
4σ2`ba
1/2pi5/2λ
1/2
s R
5/2
h
3φV
√
2a+Rh
)
. (4.21)
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Finally, the cohesive energy is found by evaluating Eq.(4.19) and (4.20) using the expres-
sion just found for D0. Hence,
 =
(
UDH
L
+
UD
L
)∣∣∣∣
D=D0
≈ 2σ2`b
√
akbT (λspi)
3/2
(
4σ2`ba
1/2pi5/2λ
1/2
s R
5/2
h
3φV
√
2a+Rh
)−1
− kbTφV4
3
piR3h
(
2(a+Rh)
2 cos−1
(
a
a+Rh
)
− 2(a+ λs ln τ)
√
Rh(2a+Rh)
)
,
so that

kbT
≈ 3φV
√
2a+Rh
2piR
5/2
h
(λs(1 + ln τ) + a)− 3φV
2piR3h
(a+Rh)
2 cos−1
(
a
a+Rh
)
= 2c(λs(1 + ln τ) + a)
√
Rh(2a+Rh)− 2c(a+Rh)2 cos−1
(
a
a+Rh
)
(4.22)
where
τ =
(
σ2`ba
1/2pi3/2λ
1/2
s
cR
1/2
h
√
2a+Rh
)
. (4.23)
There is a good agreement between the analytical expressions just derived and the numerical
solution found earlier: rnum0 =24.27nm and r
analy
0 =24.22nm, for a 0.18% relative error differ-
ence; Dnum=1.27nm and Danaly=1.22nm for a 3.5% relative error difference; num=45.36
kBT/µm and 
analy=45.07 kBT/µm for a 0.7% relative error difference. When compared
with the experimental measurements the binding energy estimate has a relative error of
29%.
4.5 Conclusions
In this chapter we presented a model for the self-assembly of two-filament helical bundles.
Using elasticity theory we constructed a geometric model that describes the energetic cost
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of bundle formation differentiating three different contributions: an optimal inter-filament
separation, a preference for a local parallel orientation and a penalty for shape deformation
(isomorphism). Some intuition can be provided to understand the origin of each term. Ag-
gregation of filaments generically causes the cross-sectional spacing to be evenly distributed.
Hence, there is an optimal inter-filament distance set by the crowed environment and the in-
teractions present and deviations from this optimum causes an energy cost. This is the basic
idea behind the cohesion term described in Eq.(4.4). Depletion interactions tend to maxi-
mize the overlap volume between the filaments which in turn causes them to have as much
of their surfaces in contact. Locally this implies that the filaments have a preferred parallel
orientation and we encapsulate this idea in the relatively parallel term, Eq.(4.7). Finally, the
filaments are intrinsically curved and, although flexible, there is an energy cost associated
with changes in the prescribed shape. This cost is described in Eq.(4.6). Each contribution
has a coupling constant and by matching quadratic expansions of the potential interaction
we are able to relate the strength of the coupling with the nature of the interactions. We
then presented a phase diagram with three possible types of binding configurations. A min-
imum concentration needed to bind the filaments was obtained. We found that the shape of
the filaments determines which configuration corresponds to the stable ground states and we
probe the sensitivity of the threshold concentration to changes in experimental conditions.
This is evidence of how polymorphism drives bundle formation.
This geometric model was the theoretical basis for comparisons with experimental mea-
surements of bundling of MTs via depletion interactions [37] . The study was able to repro-
duce qualitative and somewhat quantitatively the cohesive strength of two-filament bundles
which is very encouraging. Further comparisons with experiments are required in order to
tune the model and its parameters but this is a way to verify that understanding the geom-
etry of the assemblies is key to understand complex aggregation processes. We are still left
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to explore in detail the analytical dependence of the coupling constants on the experimental
variables. Some preliminary work has been done in this regard.
The novelty in this model, the dependence of interactions in orientation of the filaments,
is found not to play a significant role in self assembly of two-filament bundles. A phase
diagram for bacterial flagella found the relatively parallel state to exist but in range of the
phase space not experimentally accessible based on our estimates. Such a state seems only
plausible when the stiffness of the filaments is very small.
Finally, it is promising that our model may help develop a reliable way to probe the self-
assembly of polymers. We believe this approach may help to finally estimate correctly the
charge distribution of bacterial flagella, a long standing question in soft-condensed matter.
One can imagine a measurement of the binding energy  for different polymorphic states
where not only we would be able to understand better how shape dictates binding but also
what is the charge density of the flagella in the experiments.
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CHAPTER 5
CONCLUSIONS
In this dissertation we have considered the effect of shape, mechanics and geometry in
tubular assemblies. Based on the notion of cohesive contact, we were able to construct a
theoretical framework that describes the self-assembly of slender rods. We provided especial
emphasis on how geometry becomes a natural probe to understand the behavior of cohesive
interactions and how they drive bundle formation.
In chapter 2 we studied the optimal geometry of cohesive interactions (both pair-wise and
non-pair wise additive) in straight flexible tubes. We find that in the absence of mechanical
costs of deformation the interactions favor twisted ground states, however the small-twist
behavior is shown to be interaction-dependent.
In chapter 3 we explored the optimal packing of rigid, intrinsically curved filaments and
their dependence on shape, range of cohesive binding and number of filaments. We found a
global dominant packing motif, the N−packs, which consists of filaments packed from the
sides. Its ability to increase cohesive contact as the range of interaction increases, and its
two-dimensional arrangement which accounts for a high number of neighbors, make it an
ideal configuration to pack curved filaments.
In chapter 4 we analyzed the self-assembly of helical filament pairs focusing in the orien-
tational dependence of interactions. We developed a model based on geometry, that accounts
for the energetic cost of bundle formation. The model considers an optimal inter-filament
spacing, a preferred parallel orientation and a preference for prescribed helical shape. This
highly frustrated model produces a phase diagram with three ground state configurations
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where we showed the binding to be determined by the shape of the bio-polymer, and to
weakly depend on local skew-orientation.
The main motivation of this work is to understand, based on a generic geometric model,
how cohesive interactions dictate an optimal and complex bundle geometry that simultane-
ously optimizes neighboring arrangement and separation, provided a non-trivial shape of the
filaments. The importance of geometry in these aggregates cannot be understated, where
the basic notion of closest distance (or distance of closest approach) takes a leading role and
becomes a key tool that allows us to quantify the energies involved in bundle formation and
discern all relevant contributions to the energy functional. Moreover, the theory developed
in this dissertation provides an initial step that may be further developed, in material science
and soft matter systems, into a fully descriptive theory that encapsulates the self-assembly
of (intrinsically) curved filaments.
The present work has focused on models in the rigid regime but without a doubt the
major advancement in the theory will come from incorporating mechanical deformations as
part of the energy functional. An ongoing work along those lines tackles this problem [92]
extending our work developed in chapter 3. The notion of flexibility implicitly relies on an
energy comparison between the cost of deformation and the cost of binding, for instance
using the model described in sec. 3.2. If the deformation cost is much greater then the
filaments are considered rigid, whereas if the binding gain is much higher, the system is in a
flexible regime. Hence, when either cost is negligible with respect to the other, the bundle
is at minimal state that is rather easy to interpret: uniformly spaced bundles, or isometric
states, when the filaments are infinitely flexible, or isomorphic states, filaments with uniform
shape, when the deformation cost is infinitely high.
In practice most biological or synthetic filamentous bundles are likely to be in an inter-
mediate regime, where neither of those states correspond to the ground state. Then, the
geometry of the ground state corresponds to a state that probably shares features of both
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minima, but topologically corresponds to neither. At this point, the task becomes finding
these non-trivial configurations and understanding their geometry. In order find such states,
a numerical study based on the energy functional similar to that described in eq. (3.7) is
needed. The study should in principle include all possible mechanical deformations, but even
just considering a few simple flexible deviations to the rigid states already studied may shade
light into what the configurations may look like. One may want to exploit the features of
N−packs and N−plies and propose elastic deformations where their advantages are further
enhanced. For instance the N−plies have perfect contact but only two nearest neighbors (at
most), since they can only pack along the pitch direction. If flexible, one can imagine the
filaments adjusting their radius or pitch so that nearest neighbors maintain contact along
the entire length but they increase the number of neighbors. This effectively transforms the
packing space available from a one-dimensional space (rigid case) to a two-dimensional space
(flexible deformations) since the filaments can now form layers [30]. Similarly, N−packs can
also greatly benefit from considering flexible modes. As changes in shape are allowed, the
N−packs may increase the amount of contact they have with their neighbors, by adopting
a more isometric-like configurations, where the spacing between neighbors are closer to the
optimal isometric state which drastically increase binding. The expectation is that, overall,
flexible N−packs will (again) be the dominant ground state configuration, but in this case
they will have configurations closer to isometric states, depending on the relative cost of
deformation when compare to the marginal gain of cohesive binding per neighbor.
Finally, it is our hope that studies along the lines described in this dissertation, help
better understand polymer self-assembly and aggregation of soft systems, which is quickly
becoming a relevant and exciting field in soft-matter physics with endless possibilities both
in the development of the theory and in fascinating applications.
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